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The theoretical description of fermions in the presence of Lorentz and CPT violation is developed.
We classify all Lorentz- and CPT-violating and invariant terms in the quadratic Lagrange density for
a Dirac fermion, including operators of arbitrary mass dimension. The exact dispersion relation is
obtained in closed and compact form, and projection operators for the spinors are derived. The Pauli
hamiltonians for particles and antiparticles are extracted, and observable combinations of operators
are identified. We characterize and enumerate the coefficients for Lorentz violation for any operator
mass dimension via a decomposition using spin-weighted spherical harmonics. The restriction of the
general theory to various special cases is presented, including isotropic models, the nonrelativistic
and ultrarelativistic limits, and the minimal Standard-Model Extension. Expressions are derived
in several limits for the fermion dispersion relation, the associated fermion group velocity, and the
fermion spin-precession frequency. We connect the analysis to some other formalisms and use the
results to extract constraints from astrophysical observations on isotropic ultrarelativistic spherical
coefficients for Lorentz violation.
I. INTRODUCTION
The invariance of the laws of nature under Lorentz
transformations is well established, being based on an ex-
tensive series of investigations originating in classic tests
such as the Michelson-Morley, Kennedy-Thorndike, Ives-
Stilwell, and Hughes-Drever experiments [1–4]. Interest
in precision tests of relativity has experienced a renewal
in recent years, following the realization that tiny de-
partures from Lorentz invariance could arise in a funda-
mental theory such as strings [5]. During this period,
experiments using techniques from many subfields have
achieved striking sensitivities to a variety of effects from
Lorentz violation [6].
The general framework characterizing violations of
Lorentz invariance is the Standard-Model Extension
(SME) [7, 8], which is a realistic effective quantum field
theory incorporating General Relativity and the Stan-
dard Model. Terms in the SME violating CPT symmetry
also violate Lorentz invariance [9], so the SME also char-
acterizes CPT violation. Each Lorentz-violating term
in the SME action is a coordinate-independent scalar
density involving a Lorentz-violating operator contracted
with a controlling coefficient. The mass dimension d of
the operator fixes the dimensionality of the corresponding
coefficient. In the popular scenario with General Relativ-
ity and the Standard Model emerging as the low-energy
limit of an underlying theory of quantum gravity at the
Planck scale MP ∼ 1019 GeV, terms with larger d can
plausibly be viewed as higher-order corrections in a series
approximating the underlying physics. Other scenarios
can also be envisaged.
The focus of the present work is Lorentz violation in
fermions. The realistic nature of the SME means that it
can readily be applied to analyze observational and ex-
perimental data, but existing studies of Lorentz violation
with fermions are primarily concerned with the minimal
SME, obtained by restricting attention to operators of
renormalizable dimensions d ≤ 4. To date, the minimal
SME has been adopted as the theoretical framework in
searches for Lorentz violation in the fermion sector in-
volving electrons [10], protons and neutrons [11], muons
[12], neutrinos [13], quarks [14], and gravitational cou-
plings of various species [8, 15]. Discussions in the lit-
erature of the nonminimal SME fermion sector are more
limited. The general structure and properties of the non-
minimal neutrino sector have been investigated [16], and
results are known for some special nonminimal SME-
based models [17–21], including ones with nonminimal
fermion interactions [22]. However, a complete descrip-
tion of the nonminimal SME fermion sector remains an
open issue.
In the present work, we seek to address this gap in the
literature by extending the existing treatment of non-
minimal Lorentz violation to include quadratic fermion
operators of arbitrary mass dimension d, thereby open-
ing the path for additional searches for Lorentz violation.
To achieve a reasonable scope, we restrict the analysis to
flat spacetime with a Dirac-type action invariant under
spacetime translations and phase rotations, so that en-
ergy, momentum, and charge are conserved. This scope
suffices for applications to many experimental situations
involving fermions and can be applied to studies of mat-
ter following methods used in the minimal sector [23].
It also serves as a basis for further theoretical investiga-
tions of foundational aspects of Lorentz violation, includ-
ing mathematical topics such as the underling pseudo-
Riemann-Finsler geometry [24] and physical issues such
as causality and stability [25, 26], where operators of
large d can dominate the associated physics. Our results
are also potentially relevant for some proposed theories
naturally generating effective field theories dominated by
SME operators of dimension d > 4, such as supersym-
metric Lorentz-violating models [27] or noncommutative
quantum electrodynamics [28], in which the correspond-
ing SME operators have d ≥ 6 [29].
2The primary goal of this work is to develop the
quadratic nonminimal SME fermion sector to the point
where practical applications become feasible. This re-
quires extracting key information from the general SME
action, including basic features of fermion behavior in the
presence of Lorentz violation. Typical applications are
expected to involve measurements of aspects of fermion
propagation, such as times of flight or spin-precession
rates, and studies of fermion energy levels in systems
such as atoms. The former require characterizing the
anisotropy, dispersion, and birefringence in fermion prop-
agation, which can conveniently be addressed via the
dispersion relation, while the latter can be addressed
by studying induced level shifts using the perturbative
hamiltonian for Lorentz violation. Here, we obtain the
exact dispersion relation and the perturbative hamilto-
nian, and we develop a methodology to study the corre-
sponding effects using a decomposition in spherical har-
monics. This permits a classification of all observables
in terms of four sets of coefficients for Lorentz violation
having straightforward rotation properties, which is ex-
pected to simplify future experimental analyses.
This paper is organized as follows. The general
quadratic action for a Dirac field is studied in Sec. II. The
basic framework is reviewed in Sec. II A, while the role
of field redefinitions in determining physical observables
is determined in Sec. II B. The exact vacuum dispersion
relation is obtained in a closed and compact form in Sec.
II C, and some of its physical properties are described in
Sec. II D. Covariant projection operators for the spinor
solutions to the modified Dirac equation are presented in
Sec. II E. We then turn to the construction of the hamil-
tonians for particles and antiparticles, deriving expres-
sions for both in Sec. III A and converting them to explic-
itly covariant forms in Sec. III B. Taking advantage of the
approximate rotational symmetry relevant for many ap-
plications, we perform in Sec. IV a decomposition of the
hamiltonian in spin-weighted spherical harmonics. This
calculation yields a complete set of observable coefficients
for Lorentz violation, catalogued according to properties
of the corresponding operators. We develop the isotropic
limit for the perturbative hamiltonian and present the
general isotropic Lagrange density for operator dimen-
sions d = 3, 4, 5, 6 in both cartesian and spherical coeffi-
cients. In Sec. V, we turn to a description of various spe-
cial cases of the framework, including the nonrelativistic
and ultrarelativistic limits and the minimal SME. Sec-
tion VI contains applications of the results to dispersion,
group velocity, and birefringence, along with a discussion
of connections between the nonminimal fermion sector of
the SME and other field theoretic and kinematical results
in the literature. We also provide a compilation of ex-
isting astrophysical limits on isotropic Lorentz violation
translated into constraints on spherical SME coefficients.
Section VII summarizes the results obtained in this work.
Throughout this paper, we adopt conventions matching
those of the prior studies of nonminimal Lorentz violation
in Refs. [16, 30].
II. SINGLE DIRAC FERMION
In this section, we consider the effective action for
a single Dirac fermion, allowing for operators of arbi-
trary dimension. Attention is restricted to terms that
are quadratic in the fermion field, which gives rise to
a linear theory. Features of the corresponding modified
Dirac equation are also considered, including observabil-
ity and field redefinitions. We derive an explicit expres-
sion for the exact dispersion relation, and we determine
an approximation valid to leading order in Lorentz vio-
lation. The result reveals features including anisotropy,
dispersion, and birefringence. Leading-order expressions
for the eigenspinors are also presented.
A. Basics
Given the conventional Dirac Lagrange density, the
effective theory describing the fermion behavior in the
presence of general Lorentz violation can be obtained by
adding terms formed from tensor operators contracted
with coefficients for Lorentz violation [7]. The coeffi-
cients play the role of background fields generating the
Lorentz violation, and the resulting theory is coordinate
independent. For a single Dirac fermion ψ of mass mψ,
this construction and the requirement of a linear theory
imply that the action S extends the usual Dirac action
for ψ by a quadratic functional of ψ and its derivatives,
S =
∫
L d4x,
L = 12ψ(γµi∂µ −mψ + Q̂)ψ + h.c., (1)
where Q̂ is a 4 × 4 spinor-matrix operator involving
derivatives i∂µ. Without loss of generality, Q̂ can be
taken to obey the hermiticity condition Q̂ = γ0Q̂†γ0.
Since Q̂ is general, it includes both all Lorentz-invariant
and all Lorentz-violating effects. The latter may be
Planck suppressed and in any case are generically tiny, so
we treat Q̂ as a perturbative contribution when needed to
insure that deviations from the conventional Dirac situa-
tion are small. In particular, this implies that any extra
modes associated with the higher-order derivatives in Q̂
can be neglected for practical purposes.
The operator Q̂ can describe effects of Lorentz vio-
lation arising either spontaneously or explicitly. Spon-
taneous Lorentz violation occurs when tensor fields dy-
namically acquire vacuum expectation values [5], which
play the role of background tensors in the operator Q̂. In
contrast, explicit Lorentz violation involves background
tensors in Q̂ that are externally prescribed. In both cases,
the operator Q̂ can in principle depend on spacetime po-
sition. However, to maintain invariance of the action (1)
under spacetime translations and hence preserve energy-
momentum conservation, we require here that the opera-
tor Q̂ is spacetime constant. This insures a focus on pure
3Lorentz violation and minimizes complications in analy-
ses at both the theoretical and experimental levels. In
the context of spontaneous Lorentz violation, imposing
spacetime translation symmetry is equivalent to disre-
garding solitonic background fields along with any mas-
sive and Nambu-Goldstone modes [31]. In certain situa-
tions these modes play the role of the photon in Einstein-
Maxwell theory [8, 32], the graviton [33], or other force
mediators [34, 35], so in these cases some care may be
needed in interpreting results for spacetime-constant Q̂.
Note that spacetime constancy of Q̂ can be either an
exact feature of the model or an approximation to domi-
nant or averaged effects in a more complete theory. The
complete theory may even be fully Lorentz invariant. Ex-
isting or hypothetical forces typically give rise to effects
with dominant contributions appearing as backgrounds
in a given experimental situation, which can serve as ef-
fective Lorentz violation in a phenomenological descrip-
tion. For instance, in a local laboratory the gravitational
force produces a direction dependence that plays the role
of explicit Lorentz violation in the corresponding effective
theory. Hypothetical ultraweak forces can in principle
be constrained or even detected in this way. For exam-
ple, sharp constraints on torsion have been obtained by
studying the effective Lorentz violation associated with
a torsion background [36]. In general, viable models for
Lorentz-invariant interactions generating effective opera-
tors of the form Q̂ must be consistent with known con-
straints on Lorentz violation [6].
In this subsection, we perform a decomposition of Q̂
that ultimately permits the enumeration and characteri-
zation of the coefficients for Lorentz violation appearing
in the Lagrange density (1). Expanding Q̂ in the basis
of 16 Dirac matrices explicitly reveals the spin content,
Q̂ =
∑
I
Q̂IγI
= Ŝ + iP̂γ5 + V̂µγµ + Âµγ5γµ + 12 T̂ µνσµν , (2)
where the 16 operators Q̂I = {Ŝ, P̂ , V̂µ, Âµ, T̂ µν} are
Dirac-scalar functions of the derivatives i∂µ with mass
dimension one. In momentum space, each operator Q̂I
can be viewed as a series of terms,
Q̂I =
∞∑
d=3
Q(d)Iα1α2...αd−3pα1pα2 . . . pαd−3 , (3)
with pµ = i∂µ. All the coefficients Q(d)Iα1α2...αd−3 are
spacetime independent and have dimension 4 − d. Also,
they can all be assumed real by hermiticity. Note that
any of these coefficients proportional to combinations of
products of the Lorentz-invariant tensors ηµν and ǫκλµν
correspond to Lorentz-invariant operators in the theory
(1).
Often, it is convenient to work with an alternative de-
composition of Q̂ that parallels the formalism widely used
for the single-fermion limit of the minimal SME [7]. This
parallel suggests writing
γνpν −mψ + Q̂ = Γ̂νpν − M̂, (4)
where Γ̂νpν and M̂ consist of operators of even and odd
mass dimension, respectively. Decomposing these opera-
tors in terms of the basis of 16 Dirac matrices yields
Γ̂ν = γν + ĉµνγµ + d̂
µνγ5γµ + ê
ν + if̂νγ5 +
1
2 ĝ
κλνσκλ,
M̂ = mψ + m̂+ im̂5γ5 + â
µγµ + b̂
µγ5γµ +
1
2Ĥ
µνσµν .
(5)
In these expressions, the operators ĉµν , d̂µν are CPT even
and dimensionless, êµ, f̂µ, ĝµρν are CPT odd and dimen-
sionless, m̂, m̂5, Ĥ
µν are CPT even and of dimension
one, and âµ, b̂µ are CPT odd and of dimension one. If
desired, a chiral mass term im5γ5 can be added to M̂ ,
but in many situations this can be absorbed into mψ via
a chiral rotation without loss of generality and so we omit
it from Eq. (5). The operators m̂ and m̂5 consist solely of
higher-derivative terms of nonrenormalizable dimension,
but all the others appearing in Eq. (5) have equivalents
in the minimal SME.
In Eq. (4), the operator Γ̂ν is contracted with pν . This
implies that the operators ĉµν , d̂µν , êµ, f̂µ, ĝµρν are also
contracted with pν , and it motivates the introduction of
contracted operators via
ĉµ = ĉµνpν , d̂
µ = d̂µνpν ,
ê = êνpν , f̂ = f̂
νpν , ĝ
κλ = ĝκλνpν . (6)
The notation for each operator has been chosen so that
its CPT handedness corresponds to that of its analogue
in the minimal SME. In terms of these operators, we find
Ŝ = ê− m̂, P̂ = f̂ − m̂5, V̂µ = ĉµ − âµ,
Âµ = d̂µ − b̂µ, T̂ µν = ĝµν − Ĥµν . (7)
These expressions provide the explicit link between the
decompositions (2) and (4).
Each of the 10 component operators ê, m̂, f̂ , m̂5, ĉ
µ,
âµ, d̂µ, b̂µ, ĝµν , Ĥµν can be expanded in cartesian mo-
mentum components following the form of Eq. (3), yield-
ing ten infinite series of real coefficients. For example,
the operator ĉµ can be written as
ĉµ =
∑
d even
c(d)µα1...αd−3pα1 . . . pαd−3 . (8)
Each term in this sum involves a coefficient c(d)µα1...αd−3 ,
for which the index µ controls the spin nature of the op-
erator and the d − 3 symmetric indices α1 . . . αd−3 con-
trol the momentum dependence. In the analogous expan-
sions for the photon sector [30], the spin and momentum
dependence are intertwined by gauge symmetry, which
complicates the counting of components. Here, however,
the number of independent coefficients in c(d)µα1...αd−3
4Operator Type d CPT Cartesian coefficients Number
m̂ scalar odd, ≥ 5 even m(d)α1...αd−3 d(d− 1)(d− 2)/6
m̂5 pseudoscalar odd, ≥ 5 even m
(d)α1...αd−3
5 d(d− 1)(d− 2)/6
âµ vector odd, ≥ 3 odd a(d)µα1...αd−3 2d(d− 1)(d− 2)/3
b̂µ pseudovector odd, ≥ 3 odd b(d)µα1...αd−3 2d(d− 1)(d− 2)/3
ĉµ vector even, ≥ 4 even c(d)µα1...αd−3 2d(d− 1)(d− 2)/3
d̂µ pseudovector even, ≥ 4 even d(d)µα1...αd−3 2d(d− 1)(d− 2)/3
ê scalar even, ≥ 4 odd e(d)α1...αd−3 d(d− 1)(d− 2)/6
f̂ pseudoscalar even, ≥ 4 odd f (d)α1...αd−3 d(d− 1)(d− 2)/6
ĝµν tensor even, ≥ 4 odd g(d)µνα1...αd−3 d(d− 1)(d− 2)
Ĥµν tensor odd, ≥ 3 even H(d)µνα1...αd−3 d(d− 1)(d− 2)
TABLE I: Operators and coefficients for a Dirac fermion.
for each d can be obtained directly as 2d(d− 1)(d− 2)/3.
The coefficients for the nine other operators can be
treated similarly. Table I lists the 10 operators, their
corresponding coefficients, and some of their properties.
B. Field redefinitions
In the context of the minimal SME, the freedom to
choose coordinates and to redefine fields while leaving the
physics unchanged makes some coefficients for Lorentz
violation physically unobservable [7, 8, 35, 37–40]. This
feature extends to the nonminimal sector. The effects
of a coordinate choice, which amounts to selecting the
sector in which the effective background spacetime metric
has the usual diagonal Minkowski form, are analogous to
those in the minimal SME and imply 10 combinations of
coefficients are always unobservable. Also, the freedom
to redefine the fermion ψ by a position-dependent phase,
ψ = exp(ixµvµ)ψ
′ (9)
for a suitable vµ, can be used as in the minimal SME
to remove four constant coefficients coupling like a gauge
potential. However, the freedom to make field redefini-
tions involving the spinor space, which eliminates and
recombines certain coefficients in the Lagrange density,
is more involved when the nonminimal sector is incorpo-
rated.
Here, we consider field redefinitions of the form
ψ = (1 + Ẑ)ψ′, (10)
where Ẑ is an arbitrary p-dependent operator. For this
redefinition to leave the physics unaffected, the dominant
modes in the Lagrange density must remain dominant in
the redefined theory, and so the perturbative assumption
for the operator Q̂ in the Dirac action (1) must be main-
tained. This implies that Ẑ itself must be perturbative.
Under the redefinition (10), the operator in the Dirac
action (1) acquires a new form,
ψ†γ0(p · γ−mψ+ Q̂)ψ ≈ ψ′†γ0(p · γ−mψ+ Q̂′)ψ′, (11)
where
Q̂′ = Q̂+ (p · γ −mψ)Ẑ + γ0Ẑ†γ0(p · γ −mψ). (12)
To explore the implications of this structure, it is useful
to split Ẑ into a hermitian piece X̂ and an antihermitian
piece Ŷ , defined according to
Ẑ = X̂ + iŶ , X̂ = 12 (Ẑ + γ0Ẑ
†γ0), Ŷ =
1
2i(Ẑ − γ0Ẑ†γ0),
(13)
where both X̂ and Ŷ obey the same hermiticity condition
as the Q̂ operator, X̂ = γ0X̂†γ0, Ŷ = γ0Ŷ †γ0. The
operator Q̂′ is then given by
Q̂′ = Q̂ − 2mψX̂ + pµ{γµ, X̂}+ ipµ[γµ, Ŷ ]. (14)
This shows that a suitable choice of X̂ or Ŷ can combine
with Q̂ to reduce the observable content of Q̂′.
To determine explicitly which pieces of Q̂ are affected,
we can decompose both X̂ and Ŷ in the basis of 16 Dirac
matrices,
X̂ = X̂S + iX̂Pγ5 + X̂
µ
V γµ + X̂
µ
Aγ5γµ +
1
2X̂
µν
T σµν ,
Ŷ = ŶS + iŶPγ5 + Ŷ
µ
V γµ + Ŷ
µ
A γ5γµ +
1
2 Ŷ
µν
T σµν . (15)
Each component of X̂ and Ŷ in these expansions can be
considered independently. The component ŶS evidently
has no effect on Q̂, but the other nine generate field redef-
initions mixing various Lorentz-violating operators and
acting to remove some of them at leading order. In what
follows, we apply each field redefinition in turn, deter-
mining the changes δQ̂ = Q̂′ − Q̂ and identifying the
resulting effects.
5First, consider transformations involving the compo-
nents of X̂. A nonzero X̂S gives
δŜ = −2mψX̂S, δV̂µ = 2X̂Spµ, (16)
showing that for mψ 6= 0 the scalar operator Ŝ can be
removed by absorbing it into the vector V̂µ. Using X̂P
instead produces
δP̂ = −2mψX̂P , (17)
which reveals that the pseudoscalar operator P̂ can also
be removed. A nonzero X̂µV gives
δŜ = 2pµX̂µV , δV̂µ = −2mψX̂µV , (18)
which reconfirms that the scalar and vector operators mix
under field redefinitions. Using X̂µA yields
δÂµ = −2mψX̂µA, δT̂ µν = −2ǫµνρσpρX̂Aσ, (19)
so the pseudovector operators Âµ can be absorbed into
the tensor ones. Finally, a nonzero X̂µνT gives
δÂµ = −ǫµνρσpνX̂Tρσ, δT̂ µν = −2mψX̂µνT , (20)
again showing that the pseudovector and tensor opera-
tors mix.
Next, we turn to transformations involving the com-
ponents of Ŷ . Taking nonzero ŶS has no effect, as men-
tioned above. Using ŶP gives
δÂµ = 2pµŶP , (21)
which permits the removal of the component of Âµ pro-
portional to pµ. A nonzero Ŷ µV gives
δT̂ µν = 2p[µŶ ν]V . (22)
In the minimal sector, this can be used to remove the
trace component of g(4)µνρ. More generally, the coef-
ficients appearing in the expansion of the dual
˜̂T µν =
1
2ǫ
µνρσT̂ρσ can be split into pieces that transform under
two different representations of the Lorentz group, with
one set antisymmetric in the first three indices and the
other antisymmetric in the first two indices with vanish-
ing antisymmetrization on any three indices. The above
field redefinition with Ŷ µV can be used to remove the first
piece. Taking instead a nonzero Ŷ µA 6= 0 gives
δP̂ = −2pµY µA , (23)
which reconfirms that the pseudoscalar operator P̂ can
be removed. Finally, using Ŷ µνT leads to
δV̂µ = 2Ŷ µνT pν . (24)
In this case, the coefficients appearing in the expansion of
V̂µ can be split into a piece that is totally symmetric and
one with mixed symmetry that is antisymmetric in the
first two indices. The field redefinition with Ŷ µνT allows
the removal of the piece with mixed symmetry.
We thus see that the physical observables in the
quadratic fermion theory (1) are restricted to pieces of
V̂µ and T̂ µν . The relationships (7) show these observ-
ables correspond to parts of âµ, ĉµ, ĝµν , and Ĥµν . This
feature parallels results for the neutrino sector, where the
propagation of neutrinos is controlled by four effective co-
efficients of these types despite the multiple flavors, the
mixing, and the handedness of the fermions [16]. It also
reduces correctly to known results in the minimal SME
[7, 8].
Using the field redefinitions, we can define a canonical
set of effective operators representing physical observ-
ables in the quadratic theory (1),
Ŝeff = 0, P̂eff = 0, Âµeff = 0,
V̂µeff =
(V̂µ + 1mψ pµŜ)[0],˜̂T µνeff = ( ˜̂T µν + 1mψ p[uÂν])[2], (25)
where the subscript [n] indicates that the coefficients ap-
pearing in the operator expansion are restricted to an
irreducible representation antisymmetric in the first n
indices. The relationships (7) imply the corresponding
definitions
âµeff =
(
âµ − 1mψ p
µê
)
[0]
=
∑
d
a
(d)µα1...αd−3
eff pα1 . . . pαd−3 ,
ĉµeff = (ĉ
µ − 1mψ p
µm̂)[0]
=
∑
d
c
(d)µα1...αd−3
eff pα1 . . . pαd−3 ,
˜̂gµνeff = (˜̂gµν − 1mψ p[µb̂ν])[2]
=
∑
d
g˜
(d)µνα1...αd−3
eff pα1 . . . pαd−3 ,
˜̂
Hµνeff = (
˜̂
Hµν − 1mψ p
[µd̂ν]
)
[2]
=
∑
d
H˜
(d)µνα1...αd−3
eff pα1 . . . pαd−3 . (26)
Note that the analysis of field redefinitions naturally
leads to expansions of the duals ˜̂gµνeff , ˜̂Hµνeff rather than
the tensor operators ĝµνeff , Ĥ
µν
eff directly.
In terms of the fundamental coefficients, the effective
6Operator Type d CPT Cartesian coefficients Number
âµeff vector odd, ≥ 3 odd a
(d)µα1...αd−3
eff (d+ 1)d(d− 1)/6
ĉµeff vector even, ≥ 4 even c
(d)µα1...αd−3
eff (d+ 1)d(d− 1)/6
˜̂gµνeff tensor even, ≥ 4 odd g˜
(d)µνα1...αd−3
eff (d+ 1)d(d− 2)/2
˜̂
Hµνeff tensor odd, ≥ 3 even H˜
(d)µνα1...αd−3
eff (d+ 1)d(d− 2)/2
TABLE II: Effective operators and effective coefficients for a Dirac fermion.
coefficients are
a
(d)µα1...αd−3
eff =
(
a(d)µα1...αd−3
− 1mψ η
µα1e(d−1)α2...αd−3
)
[0]
,
c
(d)µα1...αd−3
eff =
(
c(d)µα1...αd−3
− 1mψ η
µα1m(d−1)α2...αd−3
)
[0]
,
g˜
(d)µνα1...αd−3
eff =
(
g˜(d)µνα1...αd−3
− 1mψ η
α1[µb(d−1)ν]α2...αd−3
)
[2]
,
H˜
(d)µνα1...αd−3
eff =
(
H˜(d)µνα1...αd−3
− 1mψ η
α1[µd(d−1)ν]α2...αd−3
)
[2]
.
(27)
In these equations, the dual coefficients are defined by
g˜(d)µνα1...αd−3 = 12ǫ
µν
ρσg
(d)ρσα1...αd−3 ,
H˜(d)µνα1...αd−3 = 12ǫ
µν
ρσH
(d)ρσα1...αd−3 . (28)
Also, the subscript [0] indicates symmetrization on all in-
dices, while [2] indicates symmetrization on να1 . . . αd−3
followed by antisymmetrization on µν.
The above results demonstrate, for example, that
leading-order signals from b̂µ can be absorbed into those
from ˜̂gµν , while signals from d̂µ merge with those of ˜̂Hµν .
As an illustration, the d = 4 terms in d̂µ can be ab-
sorbed into the d = 5 terms in
˜̂
Hµν , giving rise to effec-
tive coefficients H˜
(5)µα1α2α3
eff . This example also reveals
the potentially surprising result that an operator naively
having renormalizable dimension and hence lying in the
minimal SME may in fact most naturally be regarded
as belonging to the nonminimal sector and having non-
renormalizable dimension. Note also that the cartesian
coefficientsm
(d)α1...αd−3
5 and f
(d)α1...αd−3 have no observ-
able role. This is consistent with known results for the
minimal case [8, 39, 40]. Moreover, additional field re-
definitions or coordinate choices can further reduce the
number of observable effects. For example, the phase
redefinition (9) shows that the effective coefficient a
(3)µ
eff
is unobservable. All the effective operators, their carte-
sian effective coefficients, and some of their properties are
compiled in Table II.
A few of the effective coefficients correspond to
Lorentz-invariant operators in the theory (1). They must
be formed from combinations of products of the Lorentz-
invariant tensors ηµν and ǫµνρσ multiplied by constant
scalars. The coefficients a
(d)µα1...αd−3
eff and g˜
(d)µνα1...αd−3
eff
both have an odd number of indices, so they all pro-
duce Lorentz-violating effects. Inspection reveals that
the symmetries of the coefficients H˜
(d)µνα1...αd−3
eff pre-
clude constructing them in terms of invariant tensors as
well. The only option for generating Lorentz-invariant
operators is therefore to use the coefficients c
(d)µα1...αd−3
eff
constructed as completely symmetrized products of the
metric,
c
(d)µα1...αd−3
eff,LI =
1
(d− 2)!c
(d)
LI η
(µα1ηα2α3 · · · ηαd−4αd−3).
(29)
This reveals that there is exactly one Lorentz-invariant
effective operator at each even dimension d = 4, 6, . . ..
No Lorentz-invariant effective operators exist for odd d.
The addition of interactions or the presence of a non-
Minkowski background typically changes the set of phys-
ical observables by affecting the implementation of field
redefinitions. For generality in what follows, we therefore
present calculations and results with all coefficients ex-
plicitly included. However, expressions relevant for phys-
ical measurements can be expected to yield only observ-
able quantities. For example, the effective coefficients
appearing in the hamiltonian derived in Sec. III below
are compatible with this structure of observables.
C. Exact vacuum dispersion relation
The action (1) leads to the modified Dirac equation
(p · γ −mψ + Q̂)ψ = 0, (30)
where Q̂ can be viewed as the expression (2). Formally,
the exact dispersion relation for plane-wave solutions in
the vacuum is found by requiring that the determinant
of the modified Dirac operator vanishes,
det(p · γ −mψ + Q̂) = 0. (31)
This condition determines the propagation of spinor wave
packets in the presence of Lorentz-violating operators of
arbitrary dimension.
An explicit form for the dispersion relation (31) can
be obtained by direct calculation. One method proceeds
7by adopting a chiral representation of the Dirac matrices
and breaking the modified Dirac operator into 2×2 blocks
A, B, C, D,
p · γ −mψ + Q̂ =
(
A B
C D
)
. (32)
It is convenient to introduce the notation σµ = (σ0, σj),
where σ0 is the 2×2 identity matrix and σj are the usual
three Pauli matrices. The adjoint matrices are σµ =
(σ0,−σj), and they satisfy the basic identity
σµσν = ηµν +
i
2ǫµνκλσ
κσλ. (33)
The block decomposition can then be written(
A B
C D
)
=
(Ŝ− + i2 T̂ µν− σµσν V̂µ−σµ
V̂µ+σµ Ŝ+ + i2 T̂ µν+ σµσν
)
,
(34)
where
Ŝ± = −mψ + Ŝ ± iP̂,
V̂µ± = pµ + V̂µ ± Âµ,
T̂ µν± = 12 (T̂ µν ± i
˜̂T µν). (35)
Here,
˜̂T µν is the dual of T̂ µν . Note that T̂ µν± = ±i ˜̂T µν±
are the two chiral components of the tensor operator T̂ µν .
The determinant (31) can be obtained from the block
form (32) using the identity
det
(
A B
C D
)
= det(AD) + det(BC)− tr(BACD), (36)
where B = adj(B) and C = adj(C) are matrix adjoints.
This quantity can be directly evaluated using the basic
result (33) and the subsidiary identities
tr(σµσνσκσλ) = 2ηµνκλ,
tr(σµσνσκσλσρσσ) = 2ηµνκ
τητλρσ,
ηµνκλT
νκ
− = 4T−µλ, ηµνκλT
κλ
+ = −4T+µν, (37)
where ηµνκλ is defined by
ηµνκλ = ηµνηκλ − ηµκηνλ + ηµληνκ − iǫµνκλ. (38)
The calculation outlined above yields an explicit form
for the exact dispersion relation (31) of the modified
Dirac operator. We find
(Ŝ2− − T̂ 2−)(Ŝ2+ − T̂ 2+) + V̂2−V̂2+
−2V̂− ·
(Ŝ− + 2iT̂−) · (Ŝ+ − 2iT̂+) · V̂+ = 0, (39)
where T̂ 2± = T̂ µν± T̂±µν . This compact expression holds
for a Dirac field experiencing Lorentz violation involv-
ing operators of arbitrary mass dimension. It reduces
correctly to the well-known result for the renormalizable
theory [25] and its nonrelativistic limit [23]. In terms of
the effective operators (25), we obtain
0 = (p+ V̂eff)4 + (m2ψ − T̂ 2eff−)(m2ψ − T̂ 2eff+)
−2(p+ V̂eff) ·
(
mψ − 2iT̂eff−
) · (mψ + 2iT̂eff+) · (p+ V̂eff),
(40)
where T̂ µνeff± = 12 (T̂ µνeff ± i
˜̂T µνeff ).
The superficially quartic nature of the dispersion re-
lation (39) reflects the usual presence of the four inde-
pendent Dirac spinors, representing two spin projections
for each of the particle and antiparticle modes. How-
ever, viewed as a function of pµ, the dispersion relation
(39) represents an algebraic variety R(pµ) of arbitrarily
high order rather than the usual Dirac quartic. When
the coefficients for Lorentz violation are small, four roots
of R appear as small corrections to the four roots of the
usual Dirac equation, while the remaining roots repre-
sent high-frequency modes that are physically uninter-
esting. This behavior is analogous to that found for
the exact covariant dispersion relation for photons in the
presence of Lorentz-violating operators of arbitrary di-
mension, which is given as Eq. (30) of Ref. [30]. We
remark in passing that the explicit dispersion relation
(39) can be expected to have an interpretation in terms
of the geodesic motion of a classical particle in a Finsler
spacetime, paralleling the existing treatment of the renor-
malizable case [24, 40].
D. Properties
For many practical purposes, and to gain insight about
the physical content of the exact result (39), it is useful
to consider the approximate dispersion relation valid at
leading order in Lorentz violation. Since Lorentz viola-
tion is expected to be small, Q̂ can be taken as a per-
turbation on the conventional Dirac operator p · γ −mψ.
The dispersion relation can therefore be expanded in the
small operators Ŝ, P̂, V̂µ, Âµ, T̂ µν .
At leading order, this expansion yields the approxi-
mate dispersion relation
p2 −m2ψ ≈ 2(−mψŜ − p · V̂ ±Υ), (41)
where
Υ2 = (p · Â)2 −m2ψÂ2 − 2mψp · ˜̂T · Â+ p · ˜̂T · ˜̂T · p
= p · ˜̂T eff · ˜̂T eff · p. (42)
Solving for the energy E gives
E ≈ E0 − mψŜ + p · V̂
E0
± Υ
E0
= E0 − p · V̂eff
E0
± Υ
E0
, (43)
8where E0
2 = m2ψ + p
2. The results in this section are
valid for E0 of either sign, but in subsequent sections we
take E0 > 0. Note that the terms V̂ , Ŝ, and Υ depend on
the 4-momentum, which at the relevant order in Lorentz
violation can be taken as pµ ≈ (E0,p) on the right-hand
side of this equation.
The two sign choices for E0 correspond to particle
and antiparticle modes, so in the presence of nonzero
Lorentz violation the dispersion relation (43) can have
four nondegenerate solutions for each p. The usual spin
degeneracy of a free Dirac fermion is broken when Υ is
nonzero, which requires pseudovector or tensor opera-
tors for Lorentz violation. In contrast, the scalar and
vector operators for Lorentz violation can shift the en-
ergy but preserve the spin degeneracy. The degeneracy
between particles and antiparticles is broken when any
of these operators have nonzero CPT-odd components.
Note, however, that the pseudoscalar operator plays no
role in the leading-order dispersion relation.
The dispersion relation (43) describes various kinds of
deviations from the conventional Lorentz-covariant be-
havior of a massive fermion. Many are analogous to ef-
fects appearing in the nonminimal photon sector of the
SME [30, 41]. Among them are anisotropy, dispersion,
and birefringence.
Anisotropy is a consequence of violation of rotation
invariance, which implies the properties of the fermion
depend on the momentum orientation pˆ. For example,
the group velocity vg = ∂E/∂p becomes a direction-
dependent quantity. We emphasize that in practice
anisotropy is always present in models with physical
Lorentz violation, even ones formulated as being rotation
invariant in a particular frame, because boosts induce ro-
tations. For example, any laboratory frame is instanta-
neously boosted by the Earth’s rotation and revolution
about the Sun, and these boosts necessarily introduce
anisotropy.
When a dispersion relation is nonlinear, component
waves in a packet travel at different phase velocities
vp = p/E. This dispersion is a familiar feature for a con-
ventional massive fermion, and most Lorentz-violating
operators are dispersive. Indeed, the only nondispersive
terms in the Lagrange density (1) are those with a single
derivative. However, certain dispersive terms are unob-
servable at leading order in Lorentz violation. For ex-
ample, the dispersive operators contained in the pseu-
doscalar P̂ play no role in the dispersion relation (43).
Also, the restriction E ≈ E0 on the right-hand side of
this equation implies that some dispersive operators in V̂,
Ŝ, and Υ produce effects in vacuum propagation that are
unobservable at leading order. Changing the boundary
conditions or introducing a medium leaves unaffected the
basic dispersive nature of an operator, which is associated
with its derivative structure. However, the corresponding
change in the physics can trigger dispersion controlled by
coefficients for Lorentz violation that at leading order are
unobservable in the vacuum case. This is analogous to
the situation for photon propagation [30].
In the presence of Lorentz violation, the fermion spin
projections can mix during propagation because spin may
no longer be conserved. Following the terminology for
the analogous mixing of photon spins in Lorentz-violating
electrodynamics, we refer to this spin mixing as fermion
birefringence. It occurs whenever a particular solution to
the dispersion relation is associated with only one low-
energy mode instead of the usual two degenerate spin
modes. The dispersion relation (43) holds for plane-wave
solutions obeying the usual boundary conditions for vac-
uum propagation, and its form implies that fermion bire-
fringence occurs whenever the combination Υ of coeffi-
cients given in Eq. (42) is nonzero. Note, however, that
other situations such as a fermion trapped in a spherical
container can involve different boundary conditions and
hence can lead to spin-mixing effects controlled by differ-
ent combinations of coefficients. Also, the presence of a
medium such as matter or a background electromagnetic
field can be expected to modify the combination of coeffi-
cients controlling fermion birefringence, which again par-
allels the situation for Lorentz-violating effects in photon
propagation [30].
E. Spinors
A basic feature of the conventional Dirac equation is
that the four linearly independent eigenspinors can be
written using covariant projection operators as
u±(p, n) = P±Λ+ψ, v±(p, n) = P∓Λ−ψ, (44)
where the projection operators Λ± select positive- and
negative-energy states, while
P± =
1
2 (1± γ5n · γ) (45)
project the spin along a polarization vector nµ satisfying
n2 = −1 and n ·p = 0 but otherwise having arbitrary ori-
entation. The freedom in the choice of the unit spacelike
transverse vector nµ reflects the spin degeneracy of the
eigenspinors. However, in the presence of perturbative
Lorentz violation, the breaking of spin degeneracy for
Υ 6= 0 implies that each solution to the dispersion rela-
tion becomes an eigenmode having a definite spin polar-
ization. The polarization projection operators P± must
therefore involve a vector nµ with a definite orientation.
Next, we obtain an approximation representation of nµ.
The birefringent term involving ±Υ can be isolated
from the modified Dirac equation at leading order in
Lorentz violation by acting on the left with the oper-
ator (p + V̂) · γ + (mψ − Ŝ). Using both the mod-
ified Dirac equation and the result (41) in the form
[(p + V̂)2 − (mψ − Ŝ)2]2 ≈ 4Υ2 permits the elimination
of terms at second order in Lorentz-violating operators.
This generates the equation
[±Υ− γ5(p · Â −mψÂ · γ − p · ˜̂T · γ)]ψ ≈ 0, (46)
9which for Υ 6= 0 motivates the definition
P± ≈ 12
(
1± γ5
(
p · Â −mψÂ · γ − p · ˜̂T · γ)
Υ
)
. (47)
A short calculation reveals that
[γ5(p · Â −mψÂ · γ − p · ˜̂T · γ)]2 = Υ2, (48)
ensuring that P± are indeed orthogonal projection oper-
ators.
To express the projectors (47) in the form (45), we use
mψψ ≈ p · γψ and thereby identify the spacelike vector
nµ as
nµ ≈ p · Âp
µ −m2ψÂµ +mψ ˜̂T µνpν
mψΥ
≡ 1
Υ
Nµ, (49)
which satisfies n2 = −1 and n · p ≈ 0, as required. The
spacelike vector
Nµ = (
˜̂T µν + 1mψ p[µÂν])pν = ˜̂T µνeffpν (50)
obeying N2 = −Υ2 and N · p ≈ 0 is introduced for no-
tational convenience in what follows. The expression for
nµ, which is at zeroth order in Lorentz violation, fixes
the dominant polarization required for a solution to ap-
proximate the exact eigenspinor. Note that if Υ = 0
the derivation breaks down, but the spin degeneracy is
then restored and so nµ can be approximated as a unit
spacelike transverse vector, as usual. Note also that the
subscripts on the projections P± correspond to the signs
in the modified dispersion relation (43), so polarizing a
fermion along nµ increases the energy while the opposite
polarization decreases it.
III. HAMILTONIAN
The construction of the exact hamiltonian associated
with the full theory (1) is complicated by the higher-order
time derivatives that appear. For most practical appli-
cations, however, it suffices to obtain an effective hamil-
tonian that describes correctly the behavior at leading
order in Lorentz violation. We present here a perturba-
tive derivation of the hamiltonian via a generalization of
the standard approach, and we extract the relativistic
combinations of coefficients that it contains.
A. Construction
The goal of the standard approach to constructing the
hamiltonian is to find a unitary transformation U = U(p)
converting the modified Dirac equation (30) to the form
Uγ0(p · γ −mψ + Q̂)U †Uψ = (E −H)Uψ = 0, (51)
where E ≡ p0 and the 4× 4 relativistic hamiltonian H is
block diagonal or ‘even’ with vanishing 2× 2 off-diagonal
‘odd’ blocks. This decouples the positive and negative
energy states, and the diagonal blocks give the 2× 2 rel-
ativistic hamiltonians describing particles and antiparti-
cles. We adopt the chiral representation, in which the
matrices γµ are block off diagonal, so we seek U such
that Eq. (51) involves only an even number of γµ ma-
trices. Since the Lorentz violation is perturbative, it is
useful to write
H = H0 + δH, (52)
where H0 = γ0(p ·γ+mψ) is the usual 4×4 Dirac hamil-
tonian for the Lorentz-invariant case and δH contains the
Lorentz-violating modifications.
Consider first the usual Lorentz-invariant case with
Q̂ = 0 and δH = 0. An appropriate transformation
U = VW = WV is the product of the two commuting
transformations
V =
1 + γ0γ5√
2
, W (p) =
E0 +mψ + p · γ√
2E0(E0 +mψ)
, (53)
with E0 =
√
p2 +m2ψ > 0. Direct calculation shows that
this transformation gives the expected block-diagonal
hamiltonian
H0 = −γ5E0 =
(
E0 0
0 −E0
)
. (54)
The upper 2 × 2 block describes positive-energy parti-
cles with hamiltonian h0 = E0, while after the usual
reinterpretation the lower negative-energy block gives the
hamiltonian h0 = E0 for positive-energy antiparticles.
In the Lorentz-violating case, if Q̂ is nonzero but con-
tains only the operators Ŝ and V̂µ, then the same proce-
dure can be used to perform the block diagonalization. It
suffices to replace pµ with pµ + V̂µ and mψ with mψ − Ŝ
in the transformation (53). In contrast, the general case
involving also nonzero P̂, Âµ, and T̂ µν is challenging.
However, a perturbative treatment can be adopted to
implement the block diagonalization at leading order in
Lorentz violation.
To zeroth order, the transformation U is given by the
product VW . So, we start by applying this,
VWγ0(p·γ−mψ+Q̂)W †V † = E+γ5E0+VWγ0Q̂W †V † .
(55)
The Lorentz-invariant terms are block diagonal, but the
last term contains both even and odd parts. The even
part of any matrix M can be extracted by applying the
even matrix γ5 to give Meven = (M + γ5Mγ5)/2. To re-
move the odd part at first order in Lorentz violation we
can therefore modify U by an additional small transfor-
mation,
U =
(
1 +
1
4E0
[
γ5, V Wγ0Q̂W †V †
])
VW. (56)
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This gives
Uγ0(p ·γ−mψ+Q̂)U † = E+γ5E0+
(
VWγ0Q̂W †V †
)
even
(57)
at first order in Lorentz violation. We can now identify
the leading-order block-diagonal Lorentz-violating hamil-
tonian as
δH = −(VWγ0Q̂W †V †)even. (58)
Substituting for Q̂ using Eq. (2) and performing some
explicit calculations, we obtain the result
δH =
1
E0
[
mψŜγ5 − E0V̂0 − V̂jpjγ5 + Â0pjγjγ0
+mψÂjγjγ0γ5 + Âjpjpkγkγ0γ5/(E0 +mψ)
+ipjT̂ 0kγjγk + iT̂ 0jpj − E0 ˜̂T 0jγjγ0
+
˜̂T 0jpjpkγkγ0/(E0 +mψ)]. (59)
The upper 2 × 2 block of this operator represents the
leading-order perturbation δh to the positive-energy
hamiltonian for particles,
δh =
∆+Σ · σ
E0
, (60)
where
∆ = −mψŜ − E0V̂0 + pjV̂j = −pµV̂µeff (61)
and the spin dependence is controlled by
Σj = Â0pj −mψÂj − Âkpkpj/(E0 +mψ)
−E0 ˜̂T 0j − ˜̂T jkpk + ˜̂T 0kpkpj/(E0 +mψ)
= −E0 ˜̂T 0jeff − ˜̂T jkeffpk + ˜̂T 0keffpkpj/(E0 +mψ). (62)
These results reduce to those established in Ref. [23] for
operators of minimal dimension d = 3 and d = 4, as
expected. We emphasize that the 2× 2 hamiltonian
h = h0 + δh (63)
is fully relativistic.
After reinterpretation, the lower 2 × 2 block of (59)
gives the change δh to the positive-energy hamiltonian
for antiparticles:
δh =
∆+Σ · σ
E0
, (64)
where
∆ = −mψŜ + E0V̂0 + pjV̂j (65)
and
Σ
j
= Â0pj +mψÂj + Âkpkpj/(E0 +mψ)
−E0 ˜̂T 0j + ˜̂T jkpk + ˜̂T 0kpkpj/(E0 +mψ). (66)
Note that in the Lorentz-violating terms we can take
p0 ≈ E0 for particles and p0 ≈ −E0 for antiparti-
cles because corrections to these approximations con-
tribute only at second order. Since the physical antipar-
ticle 3-momentum is −p, the corresponding physical 4-
momentum can be taken to be −pµ. This implies that
the antiparticle hamiltonian
h = h0 + δh (67)
can be obtained from h by changing the sign of all coef-
ficients for CPT-odd operators, as expected.
The Lorentz-violating portion of the transformation
(56) can be expressed in an alternative form by com-
muting VW through to the right. This gives
U = VW
(
1− 1
4E0
2
[
H0, γ0Q̂
])
. (68)
We then find
Uγ0(p · γ −mψ + Q̂)U †
= VW
(
E −H0 + Λ+γ0Q̂Λ+ + Λ−γ0Q̂Λ−
)
W †V †,
(69)
where Λ± = (1 ±H0/E0)/2 are the usual projection op-
erators for energy. This equation reveals that the net
effect of the Lorentz-violating part of U is to remove the
portions of Q̂ mixing the usual particle and antiparticle
states.
B. Coefficients
The explicit nature of the terms (61) and (62) in
the perturbation hamiltonian δh obscures the relativistic
combinations of coefficients from which they are formed.
A more elegant form for δh that displays these combina-
tions can be obtained using the relativistic polarization
vector Nµ defined in Eq. (49).
The spin vector Σj is related to Nµ by
Σj = N j − N
0pj
E0 +mψ
= N j − N
kpkpj
E0(E0 +mψ)
= N j⊥ +
mψ
E0
N j‖ , (70)
where N⊥ and N‖ are the components of N perpendic-
ular and parallel to p, respectively. Note that both N⊥
and mψN‖ remain finite even in the massless limit. The
magnitude of the spin vector is |Σ| = Υ, so the spin-
dependent energy shifts are Υ/E0 for spin along Σ and
−Υ/E0 for spin opposite Σ, as expected.
To gain further insight, consider a massive particle in
its rest frame with N0 = 0 and N 2 = Υ2, and introduce
the rest-frame polarization unit vector N ′. Boosting to
an arbitrary frame then gives
N0 =
|p|
mψ
|N ′‖|, N =N ′⊥ +
E0
mψ
N ′‖, (71)
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whereN ′‖ andN
′
⊥ are the projections ofN
′ parallel and
perpendicular to p, respectively. Comparing to Eq. (70)
reveals that Σ is the rest-frame N vector,
Σ =N ′. (72)
Note that N ′ depends on pµ because the required boost
varies with pµ.
The above considerations permit us to write Σ · σ as
Σ · σ = −Nµτµ, (73)
where
τ0 =
p · σ
mψ
, τ j = σj +
pτ0
E0 +mψ
. (74)
The perturbation hamiltonian (60) therefore takes the
form
δh =
∆−Nµτµ
E0
, (75)
showing that the spin-dependent Lorentz violation is
fixed by the relativistic polarization vector Nµ given in
Eq. (49).
We can now expand ∆ and Nµ in powers of momen-
tum pµ to extract the effective coefficients for Lorentz
violation that appear in the hamiltonian. In practice, it
is convenient to split ∆ and Nµ into CPT odd and CPT
even pieces for this purpose.
Expanding ∆ yields
∆ =
∑
d
∆(d)α1...αd−2pα1 . . . pαd−2 , (76)
where even and odd d are associated with CPT-even and
CPT-odd Lorentz violations, respectively, and the coeffi-
cients ∆(d)α1...αd−2 have mass dimension 4−d. Separating
the CPT-even and CPT-odd parts and substituting the
definitions (26) into the expression (76) gives
∆odd ≡ âµeffpµ =
∑
d
a
(d)α1...αd−2
eff pα1 . . . pαd−2 ,
∆even ≡ −ĉµeffpµ = −
∑
d
c
(d)α1...αd−2
eff pα1 . . . pαd−2 , (77)
where the effective coefficients are given in terms of fun-
damental coefficients by Eq. (27).
Similarly, expanding Nµ yields
Nµ =
∑
d
N (d)µα1...αd−2pα1 . . . pαd−2 , (78)
where now even and odd d are associated with CPT-odd
and CPT-even Lorentz violations, respectively, with the
coefficients N (d)µα1...αd−2 having mass dimension 4 − d.
Note that constant Nµ is forbidden by the restriction
p ·N = 0. Separating the CPT-even and CPT-odd parts
and combining the definitions (26) and the result (50)
gives
Nµodd ≡ ˜̂gµνeff pν =∑
d
g˜
(d)µα1...αd−2
eff pα1 . . . pαd−2 ,
Nµeven ≡ − ˜̂Hµνeff pν = −∑
d
H˜
(d)µα1...αd−2
eff pα1 . . . pαd−2 ,
(79)
where again the effective coefficients are given in terms
of fundamental coefficients by Eq. (27).
The above analysis reveals that the perturbative hamil-
tonian δh in Eq. (60) can conveniently be split into four
pieces according to
δh = ha + hc + hg + hH ,
=
1
E0
(âνeff − ĉνeff − ˜̂gµνeff τµ + ˜̂Hµνeff τµ)pν , (80)
where the explicit expansions for âµeff , ĉ
µ
eff ,
˜̂gµνeff , and ˜̂Hµνeff
are given by Eqs. (77) and (79), respectively. Each of
the four component hamiltonians is uniquely specified
by spin and CPT properties: the spin-independent terms
ha and hc are CPT-odd and CPT-even, respectively, as
are the spin-dependent terms hg and hH . Note that the
structure of the results obtained above is compatible with
the discussion in Sec. II B concerning field redefinitions
and physical observables.
IV. SPHERICAL DECOMPOSITION
The complexity of the two-component perturbative
hamiltonian (80) and the appearance of coefficients with
numerous indices make a general analysis of physical im-
plications unwieldy for arbitrary d. Some of the difficul-
ties can be alleviated by performing a spherical-harmonic
decomposition of the hamiltonian. For example, a typ-
ical experimental application involves a transformation
from a noninertial laboratory frame to the canonical Sun-
centered inertial frame [6, 37, 42], which is generically
dominated by rotations and is therefore simpler in spher-
ical basis. For each d, the spherical-harmonic decompo-
sition yields a set of coefficients equivalent to those in-
troduced in Sec. II A but having comparatively simple
rotation properties. This permits a systematic classifi-
cation of the coefficients affecting the dynamics and is
also advantageous because rotation violations are a key
signature of Lorentz violation.
A. Basics
Since the hamiltonian (80) is expressed in momentum
space, the relevant spherical coordinates also lie in this
space. We can introduce spherical polar angles θ, φ via
the unit 3-momentum vector pˆ = p/|p| written in the
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form pˆ = (sin θ cosφ, sin θ sinφ, cos θ). Rotation scalars
can then be expanded in terms of the usual spherical
harmonics 0Yjm(pˆ) ≡ Yjm(θ, φ). However, the expan-
sion of rotation tensors requires some form of generalized
spherical harmonics. We adopt here the spin-weighted
spherical harmonics sYjm(pˆ) ≡ sYjm(θ, φ), which permit
the spherical decomposition of tensors in the helicity ba-
sis. The spin weight s of an irreducible tensor is defined
as the negative of its helicity and is limited by |s| ≤ j.
A summary of properties of the spin-weighted spherical
harmonics is given in Appendix A of Ref. [30].
In the perturbative hamiltonian (80), ha and hc trans-
form as scalars under rotations, while hg and hH are spin
dependent through the quantity Σ · σ = −Nµτµ and so
have nontrivial rotation properties. To perform the ex-
pansion in spin-weighted spherical harmonics, we there-
fore require the decomposition of Σ ·σ in the helicity ba-
sis. The helicity basis vectors are defined as ǫˆr = ǫˆ
r = pˆ
and ǫˆ± = ǫˆ
∓ = (θˆ ± iφˆ)/√2, where θˆ and φˆ are the
usual unit vectors associated with the polar angle θ and
azimuthal angle φ. The helicity decomposition is
Σ · σ = Σwσw = Σwσw = Σ−σ− +Σrσr +Σ+σ+, (81)
where the repeated index w is summed over w = +, r,−,
and σw = ǫˆw · σ, σw = ǫˆw · σ. The component Σr =
ǫˆr ·Σ is a rotational scalar with spin weight zero and can
therefore be expanded in the usual spherical harmonics
0Yjm(pˆ). The components Σ± = ǫˆ± ·Σ have spin weight
s = ±1 and can be expanded in the harmonics ±1Yjm(pˆ),
while the components Σ± = ǫˆ± · Σ = Σ∓ have helicity
±1. The Pauli matrices in the helicity basis are
σr = σ
r =
(
cos θ sin θe−iφ
sin θeiφ − cos θ
)
,
σ± = σ
∓ =
1√
2
(
− sin θ (cos θ ± 1)e−iφ
(cos θ ∓ 1)eiφ sin θ
)
. (82)
Up to constants, σr is the helicity operator and σ± are
helicity ladder operators. To see this, consider the special
frame in which θˆ = xˆ, φˆ = yˆ, pˆ = zˆ and so
σr =
(
1 0
0 −1
)
, σ+ =
√
2
(
0 1
0 0
)
, σ− =
√
2
(
0 0
1 0
)
.
(83)
This shows that σ+ raises the helicity and σ− lowers it.
Acting with Σ ·σ on a spinor φ with components (φ↑, φ↓)
having helicities (+1/2,−1/2), respectively, gives
Σ · σ
(
φ↑
φ↓
)
=
(
Σrφ↑ +
√
2Σ+φ↓
−Σrφ↓ +
√
2Σ−φ↓
)
. (84)
The first component maintains its positive helicity be-
cause Σrφ↑ is the product of objects with helicity 0 and
+1/2, while Σ+φ↓ is the product of objects with he-
licity +1 and −1/2. Similarly, the second component
remains an object of helicity −1/2. We can conclude
that Σr = Σr generates helicity-dependent effects with-
out changing the helicity, Σ+ = Σ− is associated with
a raising of helicity, and Σ− = Σ+ is associated with a
lowering of helicity.
B. Decomposition
We can now proceed with the spherical decomposition
of the perturbative hamiltonian (80). The components
ha and hc are rotational scalars and so can be expanded
in the usual spherical polar coordinates as
ha =
∑
dnjm
E0
d−3−n|p|n 0Yjm(pˆ) a(d)njm,
hc = −
∑
dnjm
E0
d−3−n|p|n 0Yjm(pˆ) c(d)njm. (85)
In contrast, the spin-dependent component hamiltonians
hg and hH transform nontrivially under rotations and
must therefore first be separated into spin-weighted com-
ponents,
hg = (hg)wσ
w, hH = (hH)wσ
w. (86)
At the end of this subsection, we show that these com-
ponents have expansions
(hg)r = −mψ
∑
dnjm
E0
d−4−n|p|n 0Yjm(pˆ)
×(n+ 1)g(d)(0B)njm ,
(hg)± =
∑
dnjm
E0
d−3−n|p|n ±1Yjm(pˆ)
×
[
±
√
j(j+1)
2 g
(d)(0B)
njm ± g(d)(1B)njm + ig(d)(1E)njm
]
,
(hH)r = mψ
∑
dnjm
E0
d−4−n|p|n 0Yjm(pˆ)
×(n+ 1)H(d)(0B)njm ,
(hH)± = −
∑
dnjm
E0
d−3−n|p|n ±1Yjm(pˆ)
×
[
±
√
j(j+1)
2 H
(d)(0B)
njm ±H(d)(1B)njm + iH(d)(1E)njm
]
.
(87)
The full perturbative hamiltonian (80) is therefore given
by the expansion
δh = ha + hc + (hg)+σ
+ + (hg)rσ
r + (hg)−σ
−
+(hH)+σ
+ + (hH)rσ
r + (hH)−σ
−, (88)
where the component hamiltonians are given by Eqs. (85)
and (87).
The properties and index ranges of the eight sets of
spherical coefficients appearing in these expansions are
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Coefficient CPT Parity type d n j Number
a
(d)
njm odd E odd, ≥ 3 0, 1, . . . , d− 2 n, n− 2, n− 4, . . . ≥ 0
1
6
(d+ 1)d(d− 1)
c
(d)
njm even E even, ≥ 4 0, 1, . . . , d− 2 n, n− 2, n− 4, . . . ≥ 0
1
6
(d+ 1)d(d− 1)
g
(d)(0B)
njm odd B even, ≥ 4 0, 1, . . . , d− 3 n+ 1, n− 1, n− 3, . . . ≥ 0
1
6
(d+ 1)d(d− 1)− 1
g
(d)(1B)
njm odd B even, ≥ 4 2, 3, . . . , d− 2 n− 1, n− 3, n− 5, . . . ≥ 1
1
6
(d− 2)(d2 − d− 3)
g
(d)(1E)
njm odd E even, ≥ 4 1, 2, . . . , d− 2 n, n− 2, n− 4, . . . ≥ 1
1
6
(d+ 2)d(d− 2)
H
(d)(0B)
njm even B odd, ≥ 3 0, 1, . . . , d− 3 n+ 1, n− 1, n− 3, . . . ≥ 0
1
6
(d+ 1)d(d− 1)− 1
H
(d)(1B)
njm even B odd, ≥ 5 2, 3, . . . , d− 2 n− 1, n− 3, n− 5, . . . ≥ 1
1
6
(d+ 1)(d− 1)(d− 3)
H
(d)(1E)
njm even E odd, ≥ 3 1, 2, . . . , d− 2 n, n− 2, n− 4, . . . ≥ 1
1
6
(d− 1)(d2 + d− 3)
a˚
(d)
n odd even odd, ≥ 3 0, 2, 4, . . . , d− 3 0
1
2
(d− 1)
c˚
(d)
n even even even, ≥ 4 0, 2, 4, . . . , d− 2 0
1
2
d
g˚
(d)
n odd odd even, ≥ 4 1, 3, 5, . . . , d− 3 0
1
2
(d− 2)
H˚
(d)
n even odd odd, ≥ 5 1, 3, 5, . . . , d− 4 0
1
2
(d− 3)
TABLE III: Spherical coefficients for Lorentz violation.
summarized in Table III. All coefficients have mass di-
mension 4 − d. The first column of the table lists the
coefficients. The second column specifies the CPT hand-
edness of the corresponding operators. The third column
gives the behavior of the operators under parity, where
operators with E-type parity acquire a sign (−1)j and
those with B-type parity acquire a sign (−1)j+1. The
next three columns lists the allowed ranges of d, n, and
j, while the final column provides the number of inde-
pendent coefficients appearing for each d.
The coefficients given in the expansions (85) and (87)
and listed in Table III comprise the set of observable
quantities at leading order in Lorentz violation. Each
set of coefficients Kjm obeys the complex conjugation
relation
K∗jm = (−1)mKj(−m), (89)
which stems from the reality of the underlying tensors
in momentum space and ultimately from the hermiticity
of the hamiltonian (80) and the theory (1). The coef-
ficients have comparatively simple properties under ro-
tations, which can be implemented using the standard
Wigner rotation matrices in parallel with the treatments
for the photon and neutrino sectors given in Sec. V of
Ref. [30] and Sec. VI of Ref. [16]. As an example, the re-
lation between coefficients Klabjm in a standard laboratory
frame with x axis pointing south and y axis pointing east
to coefficients Kjm in the canonical Sun-centered frame
[6, 37, 42] is
Klabjm =
∑
m′
eim
′ω⊕T⊕d
(j)
mm′(−χ)Kjm′ , (90)
where ω⊕ is the sidereal rotation frequency of the Earth,
T⊕ is the sidereal time, the quantities d
(j)
mm′ are the ‘lit-
tle’ Wigner matrices given in Eq. (136) of Ref. [30], and χ
is the colatitude of the laboratory in the northern hemi-
sphere. This expression only involves a linear combina-
tion mixing the azimuthal components labeled by m′.
The subset of isotropic coefficients can be identified by
imposing j = m = 0 in the spherical-harmonic expansion
of the hamiltonian (80). In this limit, the helicity-flipping
pieces of the hamiltonian vanish. This is because helicity
±1 is incompatible with j = 0 or, equivalently, because
the spin-weight is limited by |s| ≤ j. As a result, the
perturbative isotropic hamiltonian takes the form
δ˚h = h˚a + h˚c + (˚hg)rσ
r + (˚hH)rσ
r, (91)
where
h˚a =
∑
dn
E0
d−3−n|p|na˚(d)n ,
h˚c = −
∑
dn
E0
d−3−n|p|nc˚(d)n ,
(˚hg)r = −mψ
∑
dn
E0
d−4−n|p|ng˚(d)n ,
(˚hH)r = mψ
∑
dn
E0
d−4−n|p|nH˚(d)n . (92)
In these expressions, the isotropic coefficients are related
to the spherical coefficients through
a˚(d)n =
1√
4π
a
(d)
n00,
c˚(d)n =
1√
4π
c
(d)
n00,
g˚(d)n =
1√
4π
(n+ 1)g
(d)(0B)
n00 ,
H˚(d)n =
1√
4π
(n+ 1)H
(d)(0B)
n00 . (93)
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These relations give equivalent representations for the
spherical coefficients with j = 0 listed in Table III. All
the isotropic coefficients have mass dimension 4−d. Their
index ranges and counting are summarized in Table III.
Note that the result (29) implies exactly one linear combi-
nation of c˚
(d)
n at each even d controls a Lorentz-invariant
operator.
To illustrate the connection between the cartesian and
isotropic coefficients in the context of the Lagrange den-
sity (1), we can consider the explicit form of the effective
isotropic theory for the first few dimensions d = 3, 4, 5, 6.
At d = 3 only one term exists,
Q̂(3)eff = −a(3)0eff γ0 ≡ −a˚(3)0 γ0, (94)
representing an isotropic CPT-violating operator. Note,
however, that the phase redefinition (9) can be used to
show this term has no observable effects, as discussed in
Sec. II B. At d = 4 there are three independent isotropic
terms, given by
Q̂(4)eff = c(4)00eff p0γ0 + 13c
(4)jj
eff p
kγk + 13 ig˜
(4)0jj
eff p
kγ5σ
0k
≡ c˚(4)0 p0γ0 + c˚(4)2 pkγk − i˚g(4)1 pkγ5σ0k. (95)
Since d is even, one combination of the coefficients c˚
(4)
n
must be associated with a Lorentz-invariant operator,
and it is
c
(4)00
eff − c(4)jjeff = c˚(4)0 − 3˚c(4)2 . (96)
At d = 5, the theory also contains three independent
isotropic terms,
Q̂(5)eff = −a(5)000eff p0p0γ0 − 13a
(5)0jj
eff
(
pkpkγ0 + 2p0pkγk
)
− 23 iH˜
(5)0j0j
eff p
0pkγ5σ
0k
≡ −a˚(5)0 p0p0γ0 − 13 a˚
(5)
2
(
pkpkγ0 + 2p0pkγk
)
+iH˚
(5)
1 p
0pkγ5σ
0k, (97)
all of which are Lorentz violating. This is the lowest di-
mension d at which the effective coefficients H˚
(d)
n appear.
Finally, at d = 6 there are five isotropic terms,
Q̂(6)eff = c(6)0000eff p0p0p0γ0
+c
(6)00jj
eff
(
p0pkpkγ0 + p0p0pkγk
)
+ 15c
(6)jjkk
eff p
lplpnγn
+ig˜
(6)0j00j
eff p
0p0pkγ5σ
0k
+ 15 ig˜
(6)0jjkk
eff p
lplpnγ5σ
0n
≡ c˚(6)0 p0p0p0γ0 + 12 c˚
(6)
2
(
p0pkpkγ0 + p0p0pkγk
)
+c˚
(6)
4 p
lplpnγn − i˚g(6)1 p0p0pkγ5σ0k
−i˚g(6)3 plplpnγ5σ0n. (98)
At this dimension another Lorentz-invariant trace ap-
pears, associated with the coefficient combination
c
(6)0000
eff − 2c(6)00jjeff + c(6)jjkkeff = c˚(6)0 − c˚(6)2 + 5˚c(6)4 . (99)
More generally, both even dimensions d = 2k and odd
dimensions d = 2k+1 have 2k− 1 independent isotropic
terms. For even dimensions one combination is Lorentz
invariant, and the number of independent CPT-even and
CPT-odd Lorentz-violating operators is the same. For
odd dimensions all terms are Lorentz violating, and the
CPT-odd Lorentz-violating operators number one more
than the CPT-even ones.
The remainder of this section derives the results (87).
The reader uninterested in the derivation can proceed
directly to the discussion of dispersion and birefringence
in Sec. VIA.
The coefficients g˜
(d)µνα1...αd−3
eff are antisymmetric in the
first two indices and symmetric in the remaining indices,
and their appearance in the operator ˜̂gµνeff pν in conjunc-
tion with pν implies that they can be taken to van-
ish under antisymmetrization of any three indices. The
operator ˜̂gµνeff therefore obeys the Maxwell-like equation
∂λ˜̂gµνeff +∂µ˜̂gνλeff +∂ν˜̂gλµeff = 0, which in turn constrains the
coefficients in the spherical expansion.
To understand this constraint, it is useful to define a
pseudovector Ej = ˜̂gj0eff and a vector Bj = −ǫjkl˜̂gkleff/2,
in terms of which the constraint equation resembles the
homogeneous Maxwell equations,
∇× E + ∂0B = 0, ∇ · B = 0. (100)
Prior to imposing these constraint equations, the
spherical-harmonic expansion of the operators Ej and Bj
can be written as
Er =
∑
dnjm
E0
d−3−n|p|n Yjm(pˆ)(E(d))(0B)njm ,
E± =
∑
dnjm
E0
d−3−n|p|n ±1Yjm(pˆ)
×(± (E(d))(1B)njm + i(E(d))(1E)njm),
Br =
∑
dnjm
E0
d−3−n|p|n Yjm(pˆ)(B(d))(0E)njm ,
B± =
∑
dnjm
E0
d−3−n|p|n ±1Yjm(pˆ)
×(±(B(d))(1E)njm + i(B(d))(1B)njm ). (101)
The equations (100) imply interrelations between the six
sets of coefficients in these expansions.
The first equation of Eqs. (100) yields two constraints
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on E-type coefficients and one on B-type coefficients,
(B(d))(0E)njm = −
√
2j(j + 1)
n+ 2
(B(d))(1E)njm ,
(E(d))(1E)njm =
d− 2− n
n+ 1
(B(d))(1E)(n−1)jm,
(E(d))(1B)njm = −
√
2j(j + 1)
2(n+ 1)
(E(d))(0B)njm
−d− 2− n
n+ 1
(B(d))(1B)(n−1)jm.
(102)
The second of Eqs. (100) ensures vanishing divergence of
B but provides no additional constraints. Careful consid-
eration of the index ranges of all the coefficients reveals
that we can choose (E(d))(0B)njm , (B(d))(1B)njm , and (B(d))(1E)njm
to be a set of independent coefficients. Consequently, the
expansions (101) become
Er =
∑
dnjm
E0
d−3−n|p|n Yjm(pˆ)(E(d))(0B)njm ,
E± =
∑
dnjm
E0
d−3−n|p|n ±1Yjm(pˆ)
×
[
∓
√
2j(j+1)
2(n+1) (E(d))
(0B)
njm
+ d−2−nn+1
(
∓ (B(d))(1B)(n−1)jm + i(B(d))
(1E)
(n−1)jm
)]
,
Br =
∑
dnjm
E0
d−3−n|p|n Yjm(pˆ)(−)
√
2j(j+1)
n+2 (B(d))
(1E)
njm ,
B± =
∑
dnjm
E0
d−3−n|p|n ±1Yjm(pˆ)
×
(
± (B(d))(1E)njm + i(B(d))(1B)njm
)
. (103)
The helicity-basis components of the hamiltonian hg
can now be written as
(hg)r =
mψ
E0
2 pˆ
j˜̂gjνeffpν = mψE0 Er,
(hg)± =
1
E0
ǫˆj±
˜̂gjνeffpν = 1E0 (E0E± ± i|p|B±). (104)
We can now choose the convenient match
(E(d))(0B)njm = −(n+ 1)g(d)(0B)njm ,
(B(d))(1B)(n−1)jm = −
n+ 1
d− 1 g
(d)(1B)
njm ,
(B(d))(1E)(n−1)jm =
n+ 1
d− 1 g
(d)(1E)
njm , (105)
which gives the first two equations in Eq. (87). The cal-
culation for the CPT-even operators
˜̂
Hµνeff is similar to
that for ˜̂gµνeff , up to an overall sign.
V. LIMITING CASES
For many applications, it is appropriate to consider
limiting cases of the Lorentz-violating hamiltonian (80).
In this section, we consider in turn the nonrelativistic
limit, the ultrarelativistic case, and the restriction to the
minimal SME.
A. Nonrelativistic
The nonrelativistic limit of the Lorentz-violating
hamiltonian (80) can be obtained directly from the
spherical-harmonic expansions obtained in Sec. IV by ex-
panding the energy E0 in the usual power series in |p|,
E0 ≈ mψ + |p|
2
2mψ
− |p|
4
8m3ψ
+ . . . . (106)
In many common physics applications this series can be
truncated as desired, but here it entangles contributions
from different dimensions d into any given power n of
the momentum |p|n. Some care is therefore required in
constructing the nonrelativistic limit.
Consider first ha. Substituting the nonrelativistic se-
ries (106) for E0 produces
ha =
∑
njm
|p|n 0Yjm(pˆ)
(∑
d
md−3−nψ
×
∑
k≤n/2
(
(d−3−n+2k)/2
k
)
a
(d)
(n−2k)jm
)
, (107)
where
(
j
k
)
denotes a binomial coefficient. The summa-
tion over k represents the linear combination of coeffi-
cients at dimension d appearing in the nonrelativistic
limit. The sum over d gives the combination of coef-
ficients of different dimensions contributing to the mo-
mentum dependence |p|n. The expression (107) can be
viewed an expansion in the momentum magnitude |p|n
and direction pˆ involving nonrelativistic coefficients con-
sisting of the terms in parentheses. Each such nonrela-
tivistic coefficient is a superposition of the original spher-
ical coefficients with fixed values of j and m but summed
over d and k. We denote these nonrelativistic coefficients
by aNRnjm, thereby obtaining the nonrelativistic form of
ha. The same reduction can be applied to obtain the
nonrelativistic form of all terms in the hamiltonian (80).
The result of this procedure is the perturbative non-
relativistic hamiltonian
δhNR = hNRa + h
NR
c
+(hNRg )+σ
+ + (hNRg )rσ
r + (hNRg )−σ
−
+(hNRH )+σ
+ + (hNRH )rσ
r + (hNRH )−σ
−, (108)
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Coefficient n j Number
aNRnjm ≥ 0 n, n− 2, n− 4, . . . ≥ 0
1
2
(n+ 1)(n+ 2)
cNRnjm ≥ 0 n, n− 2, n− 4, . . . ≥ 0
1
2
(n+ 1)(n+ 2)
g
NR(0B)
njm ≥ 0 n+ 1, n− 1, n− 3, . . . ≥ 0
1
2
(n+ 2)(n+ 3)
g
NR(1B)
njm ≥ 0 n+ 1, n− 1, n− 3, . . . ≥ 1
1
2
(n+ 1 + ιn)(n+ 4− ιn)
g
NR(1E)
njm ≥ 1 n, n− 2, n− 4, . . . ≥ 1
1
2
(n+ 1− ιn)(n+ 2 + ιn)
H
NR(0B)
njm ≥ 0 n+ 1, n− 1, n− 3, . . . ≥ 0
1
2
(n+ 2)(n+ 3)
H
NR(1B)
njm ≥ 0 n+ 1, n− 1, n− 3, . . . ≥ 1
1
2
(n+ 1 + ιn)(n+ 4− ιn)
H
NR(1E)
njm ≥ 1 n, n− 2, n− 4, . . . ≥ 1
1
2
(n+ 1− ιn)(n+ 2 + ιn)
a˚NRn even, ≥ 0 0 1
c˚NRn even, ≥ 0 0 1
g˚NRn odd, ≥ 0 0 1
H˚NRn odd, ≥ 0 0 1
TABLE IV: Nonrelativistic coefficients for Lorentz violation.
where the spin-independent terms take the form
hNRa =
∑
njm
|p|n0Yjm(pˆ)aNRnjm,
hNRc = −
∑
njm
|p|n0Yjm(pˆ)cNRnjm, (109)
and the spin-dependent terms are
(hNRg )r = −
∑
njm
|p|n 0Yjm(pˆ)gNR(0B)njm ,
(hNRg )± =
∑
njm
|p|n ±1Yjm(pˆ)
(
± gNR(1B)njm + igNR(1E)njm
)
,
(hNRH )r =
∑
njm
|p|n 0Yjm(pˆ)HNR(0B)njm ,
(hNRH )± = −
∑
njm
|p|n ±1Yjm(pˆ)
×
(
±HNR(1B)njm + iHNR(1E)njm
)
.
(110)
The nonrelativistic coefficients are related to the spher-
ical coefficients via
aNRnjm =
∑
d
md−3−nψ
∑
k≤n/2
(
(d−3−n+2k)/2
k
)
a
(d)
(n−2k)jm,
(111)
together with an identical equation relating the coeffi-
cients cNRnjm to c
(d)
njm, and via
g
NR(0B)
njm =
∑
d
md−3−nψ
∑
k≤n/2
(n− 2k + 1)
×
(
(d−4−n+2k)/2
k
)
g
(d)(0B)
(n−2k)jm,
g
NR(1B)
njm =
∑
d
md−3−nψ
∑
k≤n/2
(
(d−3−n+2k)/2
k
)
×
[
g
(d)(1B)
(n−2k)jm +
√
j(j+1)
2 g
(d)(0B)
(n−2k)jm
]
,
g
NR(1E)
njm =
∑
d
md−3−nψ
∑
k≤n/2
(
(d−3−n+2k)/2
k
)
g
(d)(1E)
(n−2k)jm,
(112)
together with three identical equations relating the coef-
ficients H
NR(0B)
njm to H
(d)(0B)
njm , H
NR(1B)
njm to H
(d)(1B)
njm and
H
(d)(0B)
njm , and H
NR(1E)
njm to H
(d)(1E)
njm . In all these expres-
sions, the entanglement of coefficients with different di-
mensions d arising from the series (106) is manifest. For
example, the coefficients a
(d)
111 contribute to all j = m = 1
terms at order |p|n for n = 1, 3, 5, . . .. However, for all co-
efficients the minimum d required to produce anisotropies
with a particular j is j + 2. This means that probing
effects with large j and n offers sensitivity to Lorentz
violation involving large d that is independent of results
from lower values of n.
Some properties of the nonrelativistic coefficients are
summarized in Table IV. The first column lists the coeffi-
cients, while the second column shows the allowed values
of n. The third column lists the allowed range of j, while
the last column specifies the number of independent co-
efficients for each n value. In this column, ιn = 1 for even
n and ιn = 0 for odd n. All nonrelativistic coefficients
have mass dimension 1− n.
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In the isotropic limit, the component nonrelativistic
hamiltonians reduce to
h˚NRa =
∑
n
|p|na˚NRn ,
h˚NRc = −
∑
n
|p|nc˚NRn ,
(˚hNRg )r = −
∑
n
|p|ng˚NRn ,
(˚hNRH )r =
∑
n
|p|nH˚NRn . (113)
The nonrelativistic isotropic coefficients in these expres-
sions are related to the spherical isotropic coefficients by
a˚NRn =
1√
4π
aNRn00,
c˚NRn =
1√
4π
cNRn00,
g˚NRn =
1√
4π
g
NR(0B)
n00 ,
H˚NRn =
1√
4π
H
NR(0B)
n00 . (114)
The nonrelativistic isotropic coefficients have mass di-
mension 1 − n, and their index and counting properties
are provided in Table IV. None correspond to Lorentz-
invariant operators.
B. Ultrarelativistic
A detailed discussion of the ultrarelativistic limit in
the context of neutrinos is given in Ref. [16]. Here, we
consider the single-fermion ultrarelativistic limit of the
hamiltonian (80). Expanding E0 gives
E0 ≈ |p|+
m2ψ
2|p| −
m4ψ
8|p|3 + . . . . (115)
However, substitution of this full series into the spherical
decomposition of the perturbative hamiltonian generates
an expansion in powers of |p|d instead of |p|n, and the
result retains the coefficient complexity of the exact ex-
pressions (85) and (87). For example, substitution of the
full series (115) into the term ha produces
ha =
∑
djm
|p|d−3 0Yjm(pˆ)
∑
nk
(
(d−3−n+2k)/2
k
)
m2kψ a
(d+2k)
njm ,
(116)
showing that coefficients with arbitrary n contribute at
each d. This situation differs from the nonrelativistic
limit, where substitution of the full analogous series (106)
leads to a simplification of the coefficient structure. We
therefore limit attention here to the dominant term in the
series (115), which yields the perturbation hamiltonian in
the ultrarelativistic limit to order mψ.
To see the effect of taking this ultrarelativistic limit,
consider first ha. For E0 → |p|, the above expression
reduces to
ha ≈
∑
djm
|p|d−3 0Yjm(pˆ)
(∑
n
a
(d)
njm
)
, (117)
which takes the form of an expansion in |p| and pˆ with ul-
trarelativistic coefficients consisting of the term in paren-
theses. We denote these coefficients by a
UR(d)
jm . They are
superpositions of spherical coefficients with different val-
ues of n. Repeating this limiting procedure produces the
ultrarelativistic limit of all terms in the hamiltonian (80).
The resulting perturbative ultrarelativistic hamilto-
nian has the form
δhUR = hURa + h
UR
c
+(hURg )+σ
+ + (hURg )rσ
r + (hURg )−σ
−
+(hURH )+σ
+ + (hURH )rσ
r + (hURH )−σ
−, (118)
where the spin-independent terms are
hURa =
∑
djm
|p|d−3 0Yjm(pˆ) aUR(d)jm , (119)
hURc = −
∑
djm
|p|d−3 0Yjm(pˆ) cUR(d)jm , (120)
and the spin-dependent terms are
(hURg )r = −mψ
∑
djm
|p|d−4 0Yjm(pˆ)
×
[
g
UR(d)(0B)
jm +
√
2j
j+1g
UR(d)(1B)
jm
]
,
(hURg )± =
∑
djm
|p|d−3 ±1Yjm(pˆ)
×
[
± gUR(d)(1B)jm + igUR(d)(1E)jm
]
,
(hURH )r = mψ
∑
djm
|p|d−4 0Yjm(pˆ)
×
[
H
UR(d)(0B)
jm +
√
2j
j+1H
UR(d)(1B)
jm
]
,
(hURH )± = −
∑
djm
|p|d−3 ±1Yjm(pˆ)
×
[
±HUR(d)(1B)jm + iHUR(d)(1E)jm
]
.
(121)
Most of the ultrarelativistic coefficients KUR(d)jm are re-
lated to the spherical coefficients K(d)njm by expressions of
the form
KUR(d)jm =
∑
n
K(d)njm. (122)
However, for the B-type coefficients it is convenient to
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Coefficient d j Number
a
UR(d)
jm odd, ≥ 3 0 ≤ j ≤ d− 2 (d− 1)
2
c
UR(d)
jm even, ≥ 4 0 ≤ j ≤ d− 2 (d− 1)
2
g
UR(d)(0B)
jm even, ≥ 4 0 ≤ j ≤ d− 3 (d− 2)
2
g
UR(d)(1B)
jm even, ≥ 4 1 ≤ j ≤ d− 2 (d− 2)d
g
UR(d)(1E)
jm even, ≥ 4 1 ≤ j ≤ d− 2 (d− 2)d
H
UR(d)(0B)
jm odd, ≥ 5 0 ≤ j ≤ d− 3 (d− 2)
2
H
UR(d)(1B)
jm odd, ≥ 3 1 ≤ j ≤ d− 2 (d− 2)d
H
UR(d)(1E)
jm odd, ≥ 3 1 ≤ j ≤ d− 2 (d− 2)d
a˚UR(d) odd, ≥ 3 0 1
c˚UR(d) even, ≥ 4 0 1
g˚UR(d) even, ≥ 4 0 1
H˚UR(d) even, ≥ 5 0 1
TABLE V: Ultrarelativistic coefficients for Lorentz violation.
define
g
UR(d)(0B)
jm =
∑
n
[
(n+ 1− j)g(d)(0B)njm
−
√
2j
j+1g
(d)(1B)
njm
]
,
g
UR(d)(1B)
jm =
∑
n
[
g
(d)(1B)
njm +
√
j(j+1)
2 g
(d)(0B)
njm
]
,
H
UR(d)(0B)
jm =
∑
n
[
(n+ 1− j)H(d)(0B)njm
−
√
2j
j+1H
(d)(1B)
njm
]
,
H
UR(d)(1B)
jm =
∑
n
[
H
(d)(1B)
njm +
√
j(j+1)
2 H
(d)(0B)
njm
]
.(123)
Each ultrarelativistic coefficient has mass dimension 4−d.
Information about the index ranges and counting of the
ultrarelativistic coefficients is collected in Table V. The
first column lists the coefficients, the next two provide
the allowed ranges of d and j, and the final column gives
the number of independent coefficients at each d.
In the isotropic limit, the ultrarelativistic hamiltonian
components become
h˚URa =
∑
d
|p|d−3a˚UR(d),
h˚URc = −
∑
d
|p|d−3c˚UR(d),
(˚hURg )r = −mψ
∑
d
|p|d−4g˚UR(d),
(˚hURH )r = mψ
∑
d
|p|d−4H˚UR(d). (124)
The connection between the ultrarelativistic isotropic co-
efficients and the spherical isotropic coefficients is
a˚UR(d) =
1√
4π
a
UR(d)
00 ,
c˚UR(d) =
1√
4π
c
UR(d)
00 ,
g˚UR(d) =
1√
4π
g
UR(d)(0B)
00 ,
H˚UR(d) =
1√
4π
H
UR(d)(0B)
00 . (125)
The ultrarelativistic isotropic coefficients have mass di-
mension 4− d, and there is no more than one coefficient
of any given type at each d. None of them correspond
to Lorentz-invariant operators. The allowed dimensions
d are given in Table V.
We remark in passing that the above results differ in
detail from those obtained in the analysis of the non-
minimal neutrino sector in Ref. [16]. The differences
arise because the neutrino treatment involves Dirac-
and Majorana-type couplings of multiple flavors of left-
handed fermions, while the present discussion involves a
single Dirac fermion without helicity restriction.
C. Minimal SME
The minimal SME in flat spacetime [7] consists of oper-
ators of renormalizable dimension d = 3, 4. In the present
context, this involves the cartesian coefficients a(3)µ,
b(3)µ, c(4)µν , d(4)µν , e(4)µ, f (4)µ, g(4)λµν , and H(3)µν . Of
these, the coefficient f (4)µ plays no observable role and
can be disregarded [39, 40], as described in Sec. II B. Re-
stricting attention to this coefficient set, the cartesian
expansion introduced in Sec. II A can be matched to the
spherical-harmonic presented in Sec. IV. This produces
a set of relations connecting the minimal cartesian and
the spherical coefficients for Lorentz violation.
The cartesian expansion of the perturbative hamilto-
nian (75) is given by Eqs. (76) and (78). For the spin-
independent piece involving ∆, we can use the expres-
sions (27) for the effective coefficients in Eq. (77) to
project onto the minimal SME terms with d = 3 and
d = 4, giving
∆(3) = a(3)µpµ,
∆(4) = −c(4)µνpµpν ,
∆(5) = − p
2
mψ
e(4)µpµ. (126)
For the spin-dependent terms in Nµ, combining Eq. (27)
with Eq. (79) and projecting onto the minimal SME co-
efficients yields
N (3)µ = −H˜(3)µνpν ,
N (4)µ = g˜
(4)µνλ
eff pνpλ =
(
g˜(4)µνλ − 1
mψ
ηλ[µb(3)ν]
)
pνpλ,
N (5)µ =
1
mψ
(pµd(4)νλpνpλ − p2d(4)µνpν). (127)
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Note that in these expressions we are using the dual coef-
ficients g˜(4)λµν and H˜(3)µν introduced in the expansions
(26). Since in the minimal case g˜(4)µνλ and b(3)µ always
appear in the same linear combination g˜
(4)µνλ
eff , we use
the latter in making the matches that follow. Note also
that the Lorentz-invariant trace d(4)µνηµν is absent from
Eq. (127).
We can now match these results to the spherical ex-
pansion of the perturbative hamiltonian (75) as written
in the form (88). This gives relations between the spher-
ical coefficients and the cartesian ones for the minimal
SME. To express compactly some results, it is convenient
to define an azimuthal spin vector
x± = xˆ∓ iyˆ. (128)
Considering first the match for spin-independent ef-
fects, we find the four coefficients a
(3)µ
eff are related to the
four spherical coefficients a
(3)
njm by
a
(3)
000 =
√
4πa
(3)t
eff ,
a
(3)
11(−1) = −
√
2π
3
xj−a
(3)j
eff ,
a
(3)
110 = −
√
4π
3
a
(3)z
eff ,
a
(3)
111 =
√
2π
3
xj+a
(3)j
eff . (129)
The coefficients c(4)µν are related to the spherical coeffi-
cients c
(4)
njm by
c
(4)
000 =
√
4πc(4)tt,
c
(4)
11(−1) = −
√
8π
3
xj−c
(4)tj ,
c
(4)
110 = −
√
16π
3
c(4)tz,
c
(4)
111 =
√
8π
3
xj+c
(4)tj,
c
(4)
200 =
√
4π
9
c(4)jj ,
c
(4)
22(−2) =
√
2π
15
xj−x
k
−c
(4)jk,
c
(4)
22(−1) =
√
8π
15
xj−c
(4)jz ,
c
(4)
220 =
√
4π
5
(
c(4)zz − 13c(4)jj
)
,
c
(4)
221 = −
√
8π
15
xj+c
(4)jz ,
c
(4)
222 =
√
2π
15
xj+x
k
+c
(4)jk. (130)
Note that this set of ten coefficients contains the
trace combination ηµνc
(4)µν associated with a Lorentz-
invariant operator. This trace can be removed by adding
the constraint c
(4)
000 = 3c
(4)
200 involving the two isotropic
components of c
(4)
njm. Finally, as is apparent from Eq.
(126), the minimal cartesian coefficients e(4)µ act effec-
tively as d = 5 coefficients a(5)µ according to
a
(5)
200 = −a(5)000 =
1
mψ
√
4πe(4)t,
a
(5)
31(−1) = −a
(5)
11(−1) = −
1
mψ
√
2π
3
xj−e
(4)j ,
a
(5)
310 = −a(5)110 = −
1
mψ
√
4π
3
e(4)z,
a
(5)
311 = −a(5)111 =
1
mψ
√
2π
3
xj+e
(4)j. (131)
Turning next to the match for spin-dependent effects,
we begin with the terms involving g˜
(4)µνρ
eff . Disregard-
ing the unobservable totally antisymmetric part leaves
20 cartesian coefficients, which can be connected to the
twelve B-type spherical coefficients g
(4)(0B)
njm , g
(4)(1B)
njm and
the eight E-type spherical coefficients g
(4)(1E)
njm . The nine
B-type spherical coefficients g
(4)(0B)
njm are related to carte-
sian ones by
g
(4)(0B)
01(−1) =
√
2π
3
xj−g˜
(4)tjt
eff ,
g
(4)(0B)
010 =
√
4π
3
g˜
(4)tzt
eff ,
g
(4)(0B)
011 = −
√
2π
3
xj+g˜
(4)tjt
eff ,
g
(4)(0B)
100 = −
√
π
9
g˜
(4)tjj
eff ,
g
(4)(0B)
12(−2) = −
√
π
30
xj−x
k
−g˜
(4)tjk
eff ,
g
(4)(0B)
12(−1) = −
√
π
30
xj−
(
g˜
(4)tjz
eff + g˜
(4)tzj
eff
)
,
g
(4)(0B)
120 = −
√
π
5
(
g˜
(4)tzz
eff − 13 g˜
(4)tjj
eff
)
,
g
(4)(0B)
121 =
√
π
30
xj+
(
g˜
(4)tjz
eff + g˜
(4)tzj
eff
)
,
g
(4)(0B)
122 = −
√
π
30
xj+x
k
+g˜
(4)tjk
eff . (132)
The three B-type spherical coefficients g
(4)(1B)
njm are given
by the equations
g
(4)(1B)
21(−1) = −
√
π
6
xj−g˜
(4)jkk
eff ,
g
(4)(1B)
210 = −
√
π
3
g˜
(4)zjj
eff ,
g
(4)(1B)
211 =
√
π
6
xj+g˜
(4)jkk
eff , (133)
20
while the expressions for the eight E-type spherical coef-
ficients are
g
(4)(1E)
11(−1) = −i
√
3π
2
xj−g˜
(4)jzt
eff ,
g
(4)(1E)
110 = −i
√
3π
4
xj+x
k
−g˜
(4)jkt
eff ,
g
(4)(1E)
111 = −i
√
3π
2
xj+g˜
(4)jzt
eff ,
g
(4)(1E)
22(−2) = −i
√
π
10
xj−x
k
−g˜
(4)zjk
eff ,
g
(4)(1E)
22(−1) = i
√
2π
5
xj−
(
g˜
(4)jzz
eff − 12 g˜
(4)jkk
eff
)
,
g
(4)(1E)
220 = i
√
3π
20
xj+x
k
−g˜
(4)jkz
eff ,
g
(4)(1E)
221 = i
√
2π
5
xj+
(
g˜
(4)jzz
eff − 12 g˜
(4)jkk
eff
)
,
g
(4)(1E)
222 = i
√
π
10
xj+x
k
+g˜
(4)zjk
eff . (134)
Using the pseudotensor nature of the coefficients g˜
(4)µνρ
eff ,
one can verify that the E-type and B-type coefficients
are associated with operators having parity (−1)j and
(−1)j+1, respectively.
The six components of the antisymmetric cartesian
coefficients H˜(3)µν can be used to obtain the three B-
type spherical coefficients H
(3)(0B)
njm and the three E-type
spherical coefficientsH
(3)(1E)
njm . The three B-type ones are
given by
H
(3)(0B)
01(−1) =
√
2π
3
xj−H˜
(3)tj ,
H
(3)(0B)
010 =
√
4π
3
H˜(3)tz,
H
(3)(0B)
011 = −
√
2π
3
xj+H˜
(3)tj , (135)
while the three E-type ones are found to be
H
(3)(1E)
11(−1) = −i
√
2π
3
xj−H˜
(3)jz ,
H
(3)(1E)
110 = −i
√
π
3
xj+x
k
−H˜
(3)jk,
H
(3)(1E)
111 = −i
√
2π
3
xj+H˜
(3)jz . (136)
The remaining 15 cartesian coefficients d(4)µν spec-
ify 15 independent spherical coefficients H
(5)(0B)
njm and
H
(5)(1E)
njm corresponding to operators with mass dimension
d = 5, as can be seen from Eq. (127). The six B-type
spherical coefficients H
(5)(0B)
njm with even n are given by
H
(5)(0B)
01(−1) = −
1
mψ
√
2π
3
xj−d
(4)jt,
H
(5)(0B)
010 = −
1
mψ
√
4π
3
d(4)zt,
H
(5)(0B)
011 =
1
mψ
√
2π
3
xj+d
(4)jt,
H
(5)(0B)
21(−1) = −
1
3mψ
√
2π
3
xj−d
(4)tj ,
H
(5)(0B)
210 = −
1
3mψ
√
4π
3
d(4)tz ,
H
(5)(0B)
211 =
1
3mψ
√
2π
3
xj+d
(4)tj . (137)
The six B-type spherical coefficients H
(5)(0B)
njm with odd
n are determined in terms of the six symmetric parts of
d(4)jk to be
H
(5)(0B)
100 =
√
π
mψ
(
d(4)tt + 13d
(4)jj
)
,
H
(5)(0B)
12(−2) =
1
mψ
√
π
30
xj−x
k
−d
(4)jk,
H
(5)(0B)
12(−1) =
1
mψ
√
π
30
xj−
(
d(4)jz + d(4)zj
)
,
H
(5)(0B)
120 =
1
mψ
√
π
5
(
d(4)zz − 13d(4)jj
)
,
H
(5)(0B)
121 = −
1
mψ
√
π
30
xj+
(
d(4)jz + d(4)zj
)
,
H
(5)(0B)
122 =
1
mψ
√
π
30
xj+x
k
+d
(4)jk. (138)
The three E-type spherical coefficients H
(5)(1E)
njm are spec-
ified in terms of the antisymmetric part of d(4)jk by
H
(5)(1E)
11(−1) = −
i
mψ
√
π
6
xj−
(
d(4)jz − d(4)zj
)
,
H
(5)(1E)
110 = −
i
mψ
√
π
12
xj+x
k
−
(
d(4)jk − d(4)kj
)
,
H
(5)(1E)
111 = −
i
mψ
√
π
6
xj+
(
d(4)jz − d(4)zj
)
. (139)
Finally, we remark that the remaining nonzero spherical
coefficients can be constructed as combinations of the 15
above independent ones according to
H
(5)(1B)
21m = −H(5)(0B)01m −H(5)(0B)21m ,
H
(5)(1B)
32m = −
√
3H
(5)(0B)
12m ,
H
(5)(1E)
31m = −H(5)(1E)11m . (140)
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Note that some spherical coefficients remain zero, as ex-
pected from the analysis in Sec. II B showing that the ab-
sorption of the pseudovector operators Âµ involves only
parts of the tensor operators T̂ µν .
VI. APPLICATIONS
Given the spherical decomposition and the various lim-
iting cases, several immediate applications become feasi-
ble. In this section, we begin by revisiting the topics of
dispersion and birefringence discussed in Sec. II D, pre-
senting quantitative expressions for the dispersion rela-
tion, the group velocity, and the fermion spin precession
in various limits. We next take advantage of the gen-
erality of the SME framework to make connections to
other special models in the literature, which yields some
interesting insights. With these results in hand, we can
then translate existing astrophysical limits on isotropic
Lorentz violation in the fermion sector into constraints
on isotropic spherical SME coefficients, thereby revealing
the relationships between the various approaches and the
scope of the coverage of coefficient space.
A. Dispersion and birefringence
Using the spherical decomposition to extend the dis-
cussion in Sec. II D, we can generate expressions for
the dispersion relation, including several useful limit-
ing cases. We can also determine the group velocity of
a fermion wave packet and the spin precession of the
fermion induced by birefringence.
For simplicity, we begin by neglecting spin-dependent
effects. Using the result (41) expressed in the spherical
basis and with the birefringent contributions set to zero,
the dispersion relation can be written as
p2 −m2ψ = 2E0δE, (141)
where
δE =
∑
dnjm
E0
d−3−n|p|n0Yjm
(
a
(d)
njm − c(d)njm
)
. (142)
The modified group velocity vg = ∂E/∂p obeys
|vg| = |p|
E0
+
∑
dnjm
(
(d− 3)p2 + nm2ψ
)
E0
d−5−n|p|n−1
× 0Yjm(pˆ)
(
a
(d)
njm − c(d)njm
)
. (143)
Note that either increases or decreases in the velocity are
possible, depending on the signs of the coefficients and on
the direction of travel. Note also that the corresponding
expressions for antifermions involve opposite signs for the
coefficients a
(d)
njm.
Including spin dependence is straightforward in the
isotropic limit. The isotropic dispersion relation also
takes the form (141). Denoting E as E˚ for this case,
we have
δE˚ =
∑
dn
E0
d−3−n|p|n(˚a(d)n − c˚(d)n )
±mψ
∑
dn
E0
d−4−n|p|n(− g˚(d)n + H˚(d)n )
=
∑
dn
E0
d−3−n|p|n(˚a(d)n ∓mψ g˚(d+1)n
−c˚(d)n ±mψH˚(d+1)n
)
. (144)
In these expressions, the upper and lower signs corre-
spond to positive and negative helicities, respectively.
The modified group velocity in this case is
|˚vg| = |p|
E0
+
∑
dn
(
(d− 3)p2 + nm2ψ
)
E0
d−5−n|p|n−1
×(˚a(d)n ∓mψ g˚(d+1)n − c˚(d)n ±mψH˚(d+1)n ).
(145)
The results for antiparticles take the same form but with
opposite signs for the coefficients a˚
(d)
n and g˚
(d+1)
n . We
thus see that the two helicities for each fermion species
and the two for the corresponding antifermions all expe-
rience generically distinct dispersion relations and group
velocities.
Many applications involve fermions at high energies,
where the ultrarelativistic limit may be appropriate. In
this limit, the dispersion relation takes the form
p2 −m2ψ = 2|p|δEUR, (146)
where
δEUR =
∑
d
|p|d−3(˚aUR(d) ∓mψ g˚UR(d+1)
−c˚UR(d) ±mψH˚UR(d+1)
)
(147)
in terms of the ultrarelativistic coefficients defined in Ta-
ble V. The modified group velocity is
|vURg | = 1 +
∑
d
(d− 3)|p|d−4(˚aUR(d) ∓mψ g˚UR(d+1)
−c˚UR(d) ±mψH˚UR(d+1)
)
. (148)
The above expansions have some intriguing conse-
quences. One popular approach in the literature focuses
on isotropic modifications to p2 or δE˚ involving powers
only of |p|, restricted to dimensions d ≤ 5 or d ≤ 6. A
potentially surprising feature in this context is that the
expansions of p2 and of δE˚ produce two completely dif-
ferent limits of the general theory. As can be seen from
Eqs. (141) and (144), expanding p2 in this way requires
imposing the condition n = d − 2, while expanding δE˚
requires n = d− 3 instead, so the two expansions involve
distinct coefficients. Explicitly, we find
p2 −m2 = ∓2mψ g˚(4)1 |p| − 2˚c(4)2 |p|2
∓2mψ g˚(6)3 |p|3 − 2˚c(6)4 |p|4 + . . . (149)
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and
δE˚ = a˚
(3)
0 ±mψH˚(5)1 |p|
+a˚
(5)
2 |p|2 ±mψH˚(7)3 |p|3 + . . . , (150)
showing that the two approaches have orthogonal con-
tent. Note that both expansions contain terms with odd
and even powers of |p|, but the first involves only oper-
ators of even dimension d while the second involves only
operators of odd d. The attribution of operator dimen-
sionality in this way is an automatic and natural conse-
quence of the freedom to use field redefinitions to absorb
some effects into others, discussed in Sec. II B.
The isotropic expansions of p2 and δE˚ can be arranged
to match if we stipulate a priori that only ultrarelativistic
physics is relevant. In the ultrarelavistic limit, we obtain
p2 −m2 = 2(˚aUR(3) ∓mψ g˚UR(4))|p|
+2
(− c˚UR(4) ±mψH˚UR(5))|p|2
+2
(˚
aUR(5) ∓mψ g˚UR(6)
)|p|3
+2
(− c˚UR(6) ±mψH˚UR(7))|p|4 + . . .
= 2|p|δEUR. (151)
This expression reveals that the natural attribution of op-
erator dimensionalities in the ultrarelavistic expansions
involves a mixing of operators of different d at each power
of |p|.
The components hg and hH of the perturbative hamil-
tonian give rise to birefringence, which can be viewed as a
Larmor-like precession of the spin S as the particle trav-
els. Writing the expressions (86) in the form hg = hg ·σ
and hH = hH · σ, the rate of change of the spin expec-
tation value of a particle state localized in momentum
space is given via the commutator of the hamiltonian h
with the spin S as
d〈S〉
dt
= 〈i[h,S]〉 ≈ 2(hg + hH)× 〈S〉. (152)
The precession frequency is then ω = 2(hg + hH). This
generalizes the result obtained for muon precession and
used to extract constraints on muon Lorentz violation
from storage-ring data [12]. In the helicity basis, we can
write the result (152) in component form as
d〈Su〉
dt
= ǫuvw2(hg + hh)v〈Sw〉, (153)
where u, v, w range over components labeled by (+, r,−)
and the nonzero components of the antisymmetric tensor
ǫuvw are specified by ǫ+r− = −i.
In the isotropic limit, the nonzero spin-dependent
terms are given by (hg)r and (hH)r. The helicity states
then become stationary states, and the expression for the
spin precession takes the simple form
d〈S±〉
dt
= ∓2i(hg + hH)r〈S±〉, (154)
where
(hg +hH)r = −mψ
∑
dn
E0
d−4−n|p|n(˚g(d)n − H˚(d)n ). (155)
The expectation value 〈Sr〉 of the helicity remains con-
stant in this limit.
B. Connections to other formalisms
A few special models containing quadratic fermion op-
erators with d > 4 can be found in the existing litera-
ture. The generality of the SME-based analysis presented
above implies that any special model based on standard
field theory can be described using a selected subset of
the cartesian coefficients in Table I or, equivalently, of
the spherical coefficients in Table III. The SME frame-
work also incorporates several kinematical frameworks
in a field-theoretic context. In this subsection, we sum-
marize some of these links, treating first field-theoretic
models and then kinematical formalisms.
1. Field-theoretic models
Consider first special models defined via a Lagrange
density for a Dirac fermion of mass mψ that contains
quadratic fermion operators with d > 4. Examples in
the literature include models with a few specific Lorentz-
violating operators of dimensions d = 5 and d = 6. Here,
we identify the correspondence between these models and
the SME coefficients for Lorentz violation.
One special model with quadratic Dirac operators is
given by Myers and Pospelov [17]. This model in-
volves two d = 5 operators for Lorentz violation con-
structed using a timelike vector nµ, which fixes a pre-
ferred frame, and two corresponding parameters η1/MP ,
η2/MP . Matching the operators to the SME framework
reveals that the nonzero cartesian coefficients for Lorentz
violation are given by
a(5)µαβ =
η1
MP
nµnαnβ, b(5)µαβ = − η2
MP
nµnαnβ.
(156)
In the preferred frame with nµ = (1, 0, 0, 0), the model is
isotropic and can therefore be matched to isotropic spher-
ical coefficients in the SME. We find the correspondence
a˚
(5)
0 =
η1
MP
, g˚
(6)
1 = −
η2
mψMP
. (157)
The model therefore involves two of the eight possible
observable isotropic degrees of freedom with d = 5 and
d = 6 listed in Table III and displayed explicitly in Eqs.
(97) and (98): one of the three for d = 5, and one of
the five for d = 6. Note that the parameter η2/MP is
most naturally viewed as an observable isotropic d = 6
coefficient due to the freedom to make field redefinitions
absorbing all b̂µ coefficients, as discussed in Sec. II B.
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An extension of this model is given by Mattingly [18],
who uses the notation uα ≡ nα, EP ≡ MP . In addition
to the two operators (156), this extension includes two
others with d = 5 parametrized by α
(5)
L /MP , α
(5)
R /MP ,
and four more with d = 6 controlled by the real param-
eters α
(6)
L /MP , α
(6)
R /MP , α˜
(6)
L /MP , α˜
(6)
R /MP . Matching
the d = 5 terms to the cartesian coefficients in the SME
yields nonzero contributions
m(5)αβ = − (α
(5)
L + α
(5)
R )
2MP
nαnβ ,
m
(5)αβ
5 = −i
(α
(5)
L − α(5)R )
2MP
nαnβ . (158)
In the SME framework, hermiticity requires α
(5)
R = α
(5)∗
L .
This condition appears to have been overlooked in the
literature. If α
(5)
L and α
(5)
R are both real then only m
(5)αβ
is nonzero; if both parameters are imaginary, then only
m
(5)αβ
5 is nonzero; while even when both parameters are
complex only two degrees of freedom appear. For the d =
6 terms, the corresponding nonzero cartesian coefficients
in the SME are given by
c(6)µαβγ =
(α
(6)
L + α
(6)
R )
2M2P
nµnαnβnγ
+
(α˜
(6)
L + α˜
(6)
R )
2M2P
nµnαηβγ ,
d(6)µαβγ =
(α
(6)
L − α(6)R )
2M2P
nµnαnβnγ
+
(α˜
(6)
L − α˜(6)R )
2M2P
nµnαηβγ . (159)
This model is also isotropic in the preferred frame with
nµ = (1, 0, 0, 0). Matching all the additional terms to the
isotropic spherical coefficients in the SME in this frame
gives
c˚
(6)
0 =
α
(5)
L + α
(5)
R
2mψMP
+
α
(6)
L + α
(6)
R + α˜
(6)
L + α˜
(6)
R
2M2P
,
c˚
(6)
2 = −
α
(5)
L + α
(5)
R
2mψMP
− α˜
(6)
L + α˜
(6)
R
2M2P
,
H˚
(7)
1 =
α
(6)
L − α(6)R + α˜(6)L − α˜(6)R
2mψM2P
,
H˚
(7)
3 = −
α˜
(6)
L − α˜(6)R
2mψM2P
. (160)
This match reveals that the couplings α
(5)
L , α
(5)
R are most
naturally viewed as a single real observable isotropic cou-
pling at d = 6, involving observable effects that are
inseparable from those governed by the coefficient sum
α˜
(6)
L + α˜
(6)
R . The combination associated with m
(5)αβ
5 in
Eq. (158) has no observable effects, as shown in Sec. II B.
Also, the four degrees of freedom in the real parameters
α
(6)
L , α
(6)
R , α˜
(6)
L , α˜
(6)
R are most naturally interpreted as two
of the five observable isotropic coefficients with d = 6 and
two of the five with d = 7.
Another special model involving quadratic Dirac oper-
ators is considered by Rubtsov, Satunin, and Sibiryakov
[19]. This isotropic model contains a d = 4 term and a
d = 6 term, with parameters κ and g. It corresponds to
the SME framework in the limit
c(4)jk = −κδjk, c(6)jklm = −gδjkδlm. (161)
In the preferred frame, the match to the isotropic spher-
ical coefficients in the SME is
c˚
(4)
2 = −κ, c˚(6)4 = −g/M2, (162)
showing that the model involves another of the five pos-
sible isotropic operators for d = 6 displayed in Table III
and Eq. (98).
A more general model focusing on d = 5 operators is
given by Bolokhov and Pospelov [20], who limit atten-
tion to operators that cannot be reduced to ones with
d < 5 using the equations of motion. The model involves
quadratic fermion operators expressed in terms of param-
eters hαβ1 , h
αβ
2 , C
µαβ
1 , C
µαβ
2 , E
µναβ
1 and E
(d)αµνβ
4 . These
parameters form a subset of the d = 5 cartesian coeffi-
cients listed in Table I. Explicitly, we find the relations
m(5)αβ = 2hαβ1 , m
(5)αβ
5 = −2ihαβ2 ,
a(5)µαβ = 6Cµαβ1 , b
(5)µαβ = −6Cµαβ2 ,
H(5)µναβ = 12Eµναβ1 + 16E
(d)αµνβ
4 . (163)
Counting the degrees of freedom in each relation is in-
structive. The parameters hαβ1 and h
αβ
2 are symmetric
and so each have 10 independent components, matching
the SME counting for m(5)αβ and m
(5)αβ
5 . The parame-
ters Cµαβ1 and C
µαβ
2 are totally symmetric, giving 20+20
independent components, whereas the SME coefficients
a(5)µαβ and b(5)µαβ contain a total of 40 + 40 degrees of
freedom. We remark in passing that the 20 parameters
Cµνρ1 correspond to the 20 on-shell effective coefficients
a
(5)αβγ
eff in Eq. (77). The parameter E
µναβ
1 is antisym-
metrized in µν and then symmetrized in µνβ, giving
a total of 45 independent components, while Eαµνβ4 is
antisymmetrized in αµν and then symmetrized in αβ,
generating 15 independent components. The total is
45 + 15 = 60, matching the counting for the SME coeffi-
cients H(5)µναβ . Note, however, that the 45 components
of Eµναβ1 cannot be matched to the 45 on-shell SME ef-
fective coefficients H
(5)µαβγ
eff in Eq. (79).
2. Kinematical formalisms
In the context of the photon sector, Sec. IV F of Ref.
[30] discusses the relationship between the SME and sev-
eral kinematical formalisms purporting to describe as-
pects of Lorentz violation based on modifications of the
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transformation laws. In this subsection, we revisit these
discussions briefly in light of the insights provided by the
nonminimal fermion sector.
One kinematical approach involves models called de-
formed special relativities (DSR). These are defined as
smooth nonlinear momentum-space representations of
the usual Lorentz transformations, which is known to
imply that they have no observable consequences beyond
conventional special relativity [43]. All corresponding co-
efficients for Lorentz violation in the photon sector are
explicitly constructed in in Sec. IV F 3 of Ref. [30] and
are indeed found to be unobservable. Since DSR models
are sector-independent by definition, a parallel analysis
holds for the nonminimal fermion sector discussed in the
present work, and so further consideration of DSR mod-
els in this context provides no new insights.
Another kinematical approach, the Robertson-
Mansouri-Sexl (RMS) formalism [44], does describe
certain physical deviations from special relativity. The
RMS formalism can be viewed as a special limit of the
SME requiring flat spacetime, the existence of a univer-
sal preferred frame U in which light is conventional, and
only isotropic Lorentz violation affecting clocks and rods
in U. The three RMS parameters a, b, d are experiment
dependent unless identical clocks and rods in the same
physical states are used as the reference standards, so
caution is required in comparing results from different
experiments. For any given experiment, the RMS
parameters can in principle be expressed in terms of
SME coefficients by incorporating the underlying physics
of the clocks and rods. The mapping from the SME to
the RMS formalism is described in Sec. IV F 2 of Ref.
[30].
The development of the nonminimal fermion sector in
the present work offers the opportunity to investigate fur-
ther the relationship between the RMS formalism and
the SME by considering effects from the fermion content
of clocks and rods. In general, the behavior of physical
clocks and rods is complicated and determined by proper-
ties of their component particles and the forces involved.
A detailed SME description is therefore necessary for a
careful treatment of Lorentz violation in this context.
However, a phenomenological treatment in the SME vein
using simple model clocks and rods can illustrate some of
the basic features to be expected from Lorentz violation
and their role in the RMS formalism.
Consider first a clock in conventional special relativity
that ticks at a frequency ω0 in a comoving inertial frame.
In a different boosted frame, the frequency ω ≡ p0 of
the clock and the wave vector p of its oscillations obey
a dispersion-type relation pµp
µ ≡ ω2 − p2 = ω20 , where
the invariant ω0 plays the role of a particle mass. In
the presence of Lorentz violation, this dispersion relation
becomes modified. Ignoring possible spin effects for sim-
plicity, the modified relation can be written
p2 = ω20 + 2âc − 2ĉc, (164)
where âc and ĉc are p
µ-dependent effective Lorentz-
violating corrections associated with CPT-odd and CPT-
even operators, respectively. If the clock is a single
fermion of mass mψ, Eq. (164) can be viewed as a spe-
cial limit of the modified dispersion relation (41) derived
in Sec. II D [45]. To match to the RMS formalism, we
must further restrict the clock dispersion relation by as-
suming the existence of a preferred universal frame U in
which the physics describing the clock is isotropic. The
dispersion relation (164) then takes the form
p2 = ω20 + 2
∑
dn
ωd−2−n|p|n
(
(˚ac)
(d)
n − (˚cc)(d)n
)
, (165)
involving only the isotropic effective coefficients for
Lorentz violation (˚ac)
(d)
n and (˚cc)
(d)
n . The allowed val-
ues of d and n and the coefficient counting are the same
as those given in the last four rows of Table III.
Suppose a clock obeying (165) moves at a constant
speed v in the x direction relative to U. In the comoving
inertial frame, the clock wave 4-vector can be written
as kµ = (ωc, 0, 0, 0), where ωc denotes the ticking fre-
quency. In the frame U, the wave 4-vector takes the form
pµ = (γωc, γvωc, 0, 0). Combining this expression with
the dispersion relation (165), the velocity-dependent ra-
tio of the clock ticking frequencies ωc(v) and ωc(0) ≡ ωc
is
ωc(v)
ωc(0)
= 1 +
∑
dn
ωd−40
(
vnγd−2 − δn0
)(
(˚ac)
(d)
n − (˚cc)(d)n
)
.
(166)
In the SME, the frequency ωc(v) is frame dependent. In
the RMS formalism, however, this clock serves as the
time standard, with all other times measured relative to
it. The ratio (166) reduces to 1 for vanishing v and is an
even function of v because n is even, in agreement with
RMS postulates.
Next, consider a rod in conventional special relativ-
ity whose length and orientation are specified by a rest-
frame wave vector k0 and a corresponding wave 4-vector
kµ = (0;k0). A simple choice of rod is the Compton
wavelength of a single particle, which could be of a species
different from any involved in the time standard. Other
rod choices are possible, such as one formed from par-
ticles with frequencies locked to an internal clock. In a
boosted frame, the wave 4-vector pµ of the rod obeys the
dispersion-type relation p2 = −|k0|2. In the presence of
Lorentz violation, and assuming as before the existence
of a universal preferred frame U as required by the RMS
formalism, the modified dispersion relation for the rod
can be written as
p2 = −|k0|2+2
∑
dn
ωd−2−n|p|n
(
(˚ar)
(d)
n − (˚cr)(d)n
)
, (167)
where the allowed values of d and n and the coefficient
counting parallel those for the clock.
If a rod with wave vector kr in a comoving frame moves
at speed v in the x direction relative to the frame U, then
its wave 4-vector in U is pµ = (γvkxr , γk
x
r , k
y
r , k
z
r ). Using
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the dispersion relation (167) reveals that the velocity-
dependent ratio of the wave-vector magnitudes |kr(v)|
and |kr(0)| ≡ |kr| is
|kr(v)|
|kr(0)| = 1
−
∑
dn
|k0|d−4
(
γd−2vd−2−n‖ (1− v2⊥)n/2 − δn,d−2
)
×
(
(˚ar)
(d)
n − (˚cr)(d)n
)
, (168)
where v‖ and v⊥ are the components of the boost velocity
parallel and perpendicular to the rod, respectively. This
expression characterizes the variations in rod length in
different Lorentz frames, explicitly showing the orienta-
tion and velocity dependence arising in the SME context.
In contrast, the rod serves as the length standard in the
RMS formalism, with all other lengths measured relative
to it.
The result (168) illuminates some aspects of the RMS
formalism. The coefficients (˚cr)
(d)
n associated with CPT-
even effects have indices d and n taking only even values,
and hence they introduce dilations involving only even
powers of v. This is in agreement with the RMS postu-
lates. However, the coefficients (˚ar)
(d)
n controlling CPT-
odd effects produce shifts that are odd in v, so boosts in
opposite directions give different effects. This possibil-
ity lies outside the RMS formalism despite its origin in
comparatively simple isotropic Lorentz violations in U.
The expression (168) has another significant implica-
tion: the rod length measured in RMS coordinates is the
same when the rod is oriented along any of the three
coordinate axes, but it typically differs for other orienta-
tions. This feature appears to have been overlooked in
the literature. It emerges here in the context of a sim-
ple SME-based model, but the dependence of the ratio
(168) on parallel and perpendicular velocities suggests
it is a generic aspect of Lorentz violation. In particu-
lar, the RMS transformation assumes one rod is aligned
along the boost axis and the other two are perpendicular.
The expression (168) therefore implies that nonstandard
choices of rod orientation lie outside the RMS formalism
because they cannot be linked to the frame U via a trans-
formation of the RMS form. This is problematic for lab-
oratory experiments attempting to report bounds in the
RMS language because the results of any measurement
are meaningful only when the chosen length standards
are correctly aligned with a particular boost and more-
over only when this alignment is maintained throughout
the measurement process. This requirement is challeng-
ing and perhaps impossible to satisfy in practice due to
the rotation and orbital revolution of the Earth and to
the motion of the solar system relative to the frame U.
For the simple model with clocks of type (165) and rods
of type (167) with RMS-compatible orientations, we can
construct explicitly the RMS transformation T from U to
the boosted frame and identify the RMS parameters a,
b, d and hence the factors α, β, and δ multiplying their
v2 components. Assuming Einstein synchronization, T
takes the form
T =

aγ2 −avγ2 0 0
−bv b 0 0
0 0 d 0
0 0 0 d
 , (169)
where a, b, and d are functions of v that reduce to a =
1/γ, b = γ, and d = 1 in the Lorentz-invariant limit.
The RMS transformation can be viewed as the product
T = CΛ of a standard Lorentz transformation Λ from U
to the comoving Lorentz frame with coordinate dilations
C scaling space and time relative to the chosen clocks and
rods [30]. In terms of RMS functions, the scaling matrix
C is diagonal with entries (aγ, b/γ, d, d). The ratio (166)
then implies that the time-dilation function a is given by
a =
1
γ
+
1
γ
∑
dn
ωd−40
(
vnγd−2 − δn0
)(
(˚ac)
(d)
n − (˚cc)(d)n
)
= 1 + v2
[
− 12 +
∑
d
ωd−40
(
d−2
2 (˚ac)
(d)
0 − d−22 (˚cc)
(d)
0
+(˚ac)
(d)
2 − (˚cc)(d)2
)]
+O(v4).
(170)
The coefficient of v2 is the expression for the RMS param-
eter α in terms of SME coefficients for Lorentz violation
in this simple model.
To find the RMS functions b and d for spatial dilations,
consider first a rod oriented along the boost direction x
and two rods in the orthogonal y and z directions. For
the rod lying along the x axis, the ratio (168) gives
b = γ − γ
∑
dn
|k0|d−4
(
γd−2vd−2−n − δn,d−2
)
×
(
(˚ar)
(d)
n − (˚cr)(d)n
)
= 1− v
∑
d
|k0|d−4(˚ar)(d)d−3
+v2
[
1
2 +
∑
d
|k0|d−4
(
(˚cr)
(d)
d−4 +
d−2
2 (˚cr)
(d)
d−2
)]
+O(v3). (171)
The term linear in the boost v stems from CPT violation
and lies outside the RMS formalism, as discussed above.
The coefficient of the term quadratic in v2 is the RMS
parameter β.
Next, consider a rod lying along the y or z axis. In
the simple model with the ratio (168), no dilation along
these directions is produced and so the RMS parame-
ter d is found to be d = 1, implying δ = 0. However,
the result (168) accounts only for modifications arising
from the coupling of the intrinsic wavelengths of the rod
components to the Lorentz-violating vacuum. A more
realistic phenomenological description of a rod must also
allow for couplings of the rod bulk properties such as its
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Dimension Sector Lower bound Coefficient Upper bound Source
d = 4 electron c˚
UR(4)
e < 1.5 × 10
−15 [46]
−5× 10−13 < c˚
UR(4)
e [47]
−1.3× 10−15 < c˚
UR(4)
e < 2× 10
−16 [48]
−1.2× 10−16 < c˚
UR(4)
e [49]
−6× 10−20 < c˚
UR(4)
e [50]
proton −5× 10−23 < c˚
UR(4)
p [46]
c˚
UR(4)
p < 5× 10
−24 [47]
−2× 10−22 < c˚
UR(4)
p [49]
c˚
UR(4)
p < 4.5 × 10
−23 [51]
−9.8× 10−22 < c˚
UR(4)
p − c˚
UR(4)
e < 9.8 × 10
−22 [52]
quark −1× 10−23 < c˚
UR(4)
q < 1.8 × 10
−21 [53]
−1× 10−23 < c˚
UR(4)
q − 2˚c
UR(4)
e < 2× 10
−20 [53]
d = 5 electron a˚
UR(5)
e < 6.5 × 10
−27 [54]
−3.5× 10−27 < a˚
UR(5)
e [55]
−1× 10−34 < a˚
UR(5)
e −meg˚
UR(6)
e < 1× 10
−34 [53]
−4× 10−25 < a˚
UR(5)
e ±meg˚
UR(6)
e < 4× 10
−25 [56]
−1× 10−20 < a˚
UR(5)
e < 2.8 × 10
−17 [21]
muon −1× 10−34 < a˚
UR(5)
µ −mµg˚
UR(6)
µ < 1× 10
−34 [53]
tau −2× 10−33 < a˚
UR(5)
τ −mτ g˚
UR(6)
τ < 2× 10
−33 [53]
d = 6 electron −8.5× 10−20 < c˚
UR(6)
e < 2.5 × 10
−23 [53]
−5.4× 10−14 < g˚
UR(6)
e < 5.4 × 10
−14 [21]
muon −8.5× 10−20 < c˚
UR(6)
µ < 2.5 × 10
−23 [53]
proton −3.4× 10−45 < c˚
UR(6)
p < 3.4 × 10
−42 [57]
quark −6.3× 10−23 < c˚
UR(6)
q < 1.7 × 10
−22 [53]
TABLE VI: Astrophysical limits on isotropic SME coefficients. Units are GeV4−d.
macroscopic momentum or spin. For example, if the rod
has mass M , then its bulk 4-momentum in the boosted
frame takes the form Pµ =Mγ(1,v). Suppose the effec-
tive dispersion relation for the rod can be written as
p2 = −|k0|2 − 2CrP 2 (172)
instead of the result (167). The modification vanishes
when the rod is at rest in U, but otherwise leads to an
isotropic rod distortion given by
b
γ
= d =
|kr(v)|
|kr(0)| = 1 + |k0|
−2CrM
2γ2v2
= 1 + (|k0|−2CrM2)v2 +O(v4). (173)
In this case, the RMS parameter d is nonzero and the
coefficient multiplying v2 is the parameter δ = β − 12 .
Note that in more realistic models the parameters β and
δ are independent and both nonzero. For example, the
simple phenomenological model obtained by adding the
two modifications (167) and (173) generates independent
nonzero parameters β and δ.
C. Astrophysical bounds
A number of papers in the literature obtain bounds on
various kinds of isotropic Lorentz violation from astro-
physical observations. A few of these are based on field-
theoretic models, but the bulk use an approach based
on isotropic dispersion relations. The results obtained in
Secs. VIA and VIB1 make feasible a translation of these
various bounds into constraints on isotropic spherical co-
efficients in the SME. This translation also clarifies the
relationships between the different bounds and reveals
the coverage of the available coefficient space achieved to
date.
Since all the astrophysical bounds are obtained at high
energies, it is appropriate to work in the ultrarelativis-
tic limit of the SME, with dispersion relation given by
Eq. (151). The existing bounds only involve operator di-
mensions d ≤ 6. The possibility of helicity dependence
is disregarded by many authors, so it is also appropriate
to set to zero the coefficients g˚UR(6) and H˚UR(5) in these
cases. The reported bounds involve a variety of particle
species, including electrons, muons, taus, protons, and
quarks. For the latter, all the partonic quarks are as-
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sumed to have the same dispersion relation. Since the
present focus is on fermions, Lorentz violation in bosons
such as pions or photons is neglected for simplicity when
making conversions.
Table VI compiles some resulting constraints on
isotropic Lorentz violation in the SME. The first two
columns of this table list the operator dimension and
the sector of the SME involved. The table includes con-
straints on minimal SME operators with d = 4 as well
as on ones with nonminimal dimensions. The next three
columns of the table contain the constraints on ultra-
relativistic isotropic spherical coefficients obtained from
existing bounds. The coefficients for different particle
species are distinguished with a subscript denoting the
species in question. The final column provides the source
from which the constraint is extracted.
The table reveals that the existing bounds span dif-
ferent coefficients. However, of the seven types of pos-
sible isotropic ultrarelativistic spherical coefficients with
d ≤ 6, namely a˚UR(3), c˚UR(4), g˚UR(4), a˚UR(5), H˚UR(5),
c˚UR(6), and g˚UR(6), constraints exist on at most four of
them for any one species. We see that even within the
very restrictive assumption of isotropic ultrarelativistic
Lorentz violation, much of the coefficient space is un-
constrained to date. Also notably lacking are limits for
neutral fermions, including neutrons and other baryons.
We remark in passing that numerous constraints exist
on nonisotropic minimal fermion operators [6], includ-
ing some extracted from studies of mesons and some at
impressive sensitivities. Nonetheless, the experimental
coverage of SME coefficients in the fermion sector is at
present limited to a tiny fraction of the available possi-
bilities.
VII. SUMMARY
In this work, the general quadratic theory of a single
Dirac fermion in the presence of Lorentz violation has
been developed. Our discussion began with the construc-
tion and basic properties of the theory (1), including two
useful decompositions of the general spinor-matrix oper-
ator Q̂ for Lorentz violation. The first reveals the differ-
ent spin content via the operators Ŝ, P̂, V̂µ, Âµ, T̂ µν ,
while the second displays CPT and other properties via
the notation m̂, m̂5, â
µ, b̂µ, ĉµν , d̂µν , êµ, f̂µ, ĝµρν , Ĥµν
paralleling the conventions in the minimal SME. Table I
compiles some features of the corresponding coefficients
for Lorentz violation. In Sec. II B, we show that the
physical observables in the pure quadratic theory (1) are
restricted to pieces of V̂µ and T̂ µν , generalizing known
results for the minimal SME and for the nonminimal neu-
trino sector.
We next constructed the exact dispersion relation for
a fermion wave packet, obtaining the closed and compact
form (39). For some practical applications, an approxi-
mate expression for the energy valid at leading order in
Lorentz violation is useful, and this is provided in Eq.
(43). The form of this equation reveals that fermions ex-
perience anisotropy, dispersion, and birefringence when
in the presence of Lorentz violation. The covariant pro-
jection operator yielding the spinor polarization is de-
rived, and the corresponding relativistic polarization vec-
tor is given in Eq. (49).
With these key results in hand, we next turned to the
construction of the particle and antiparticle hamiltoni-
ans associated with the theory (1). The 2×2 hamilto-
nian for particles is given as Eq. (60) in Sec. III A, while
that for antiparticles is in Eq. (64). Using the relativis-
tic polarization vector, we can reduce the structure of
these expressions to the conceptually simple form (80),
which separates the particle hamiltonian into four pieces
according to spin and CPT properties.
Despite its conceptual simplicity, the explicit form of
the hamiltonian (80) involves coefficients with numerous
indices and is unwieldy for many practical applications.
In Sec. IV, we have taken advantage of the approximate
rotation symmetry present in many experimental situ-
ations to decompose the hamiltonian in spherical har-
monics. The result (88) involves eight sets of spherical
coefficients that characterize all types of Lorentz viola-
tion for a single Dirac fermion. Table III summarizes
the basic properties of these coefficients. Their compar-
atively simple properties under rotation, exemplified in
Eq. (90), make them well suited to explicit analyses. The
isotropic limit of the perturbative hamiltonian, which can
be useful in some treatments, is obtained in Eq. (91), and
the corresponding isotropic Lagrange density for opera-
tor dimensions d = 3, 4, 5, 6 is given in Eqs. (94) through
(98).
For many practical purposes, limiting cases of the gen-
eral formalism are useful. Section V extracts the nonrela-
tivistic and ultrarelativistic cases and their isotropic lim-
its. The nonrelativistic hamiltonian is given in Eq. (108),
and the corresponding coefficients are summarized in Ta-
ble IV. The ultrarelativistic hamiltonian is presented in
Eq. (118), and Table V lists properties of its coefficients.
This section also explicitly connects the spherical decom-
position for operators of renormalizable dimension with
standard expressions for the minimal SME.
The final technical discussions in this paper concern
immediate applications of our results. In Sec. VIA, the
issue of dispersion and birefringence is revisited in the
spherical language. The dispersion relation, group ve-
locity, and the spin-precession rate (152) are derived in
compact forms in various limiting cases. We then ad-
dress in Sec. VIB the relationships between the present
general framework and some special field-theoretic mod-
els and kinematical approaches in the literature. The
combination of the above results permits translation of a
wide variety of existing astrophysical bounds on isotropic
Lorentz violation into constraints on isotropic spherical
SME coefficients, which are compiled in Table VI.
Overall, the results in this paper offer a comprehen-
sive theoretical framework for investigations of Lorentz
and CPT violation involving quadratic fermion opera-
28
tors. The physical effects identified here provide a ba-
sis for future experimental searches. Numerous types of
Lorentz and CPT violation are unconstrained to date,
and the prospects for exploration and the potential for
discovery remain bright.
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